
�ƨƉʚʯɼƨ ࢉ ँ eɼŗƕǶƨȳʚ 6ƨʌƉƨȳʚ ŗȳƕ ,Ʉȳ˙ƨ˥Ƕʚ˦

6ó, ࣗ�ࡱࢅ bŗțț ࡹࡽࡱࡽ  Ď, óŗȳ 6ǶƨǖɄ
óʯɼŗȍ éŗȭɱʯɼƨࣗ ˝Ƕʚǫ ǫƨțɱ ǑɼɄȭ ȭŗȳ˦ Ʉʚǫƨɼʌ



�ȳȳɄʯȳƉƨȭƨȳʚʌυ óʯɱɱțƨȭƨȳʚŗț ˙ǶƕƨɄʌ ǑɼɄȭ țŗʌʚ ɸʯŗɼʚƨɼ ŗɼƨ ɱɄʌʚƨƕ ŗʚ
FUEՖՒC�EQO�TGUQWTEGUࣖυ eɼɄʯɱ˝Ʉɼȕ ࡽ Ƕʌ ƕʯƨ ʚɄȳǶǖǫʚ ŗʚ ɱȭࣖυ࢙ࢉࣘࡹࡹ pɄȭƨ˝Ʉɼȕ ࡽ Ƕʌ ƕʯƨ Ʉȳ ¡Ʉȳƕŗ˦ ŗʚ ɱȭࣖυ࢙ࢉࣘࡹࡹ óʯɼ˙ƨ˦ ࡽ ˝Ƕțț ƉɄȭƨ Ʉʯʚ ʌɄɄȳࣙ ̇țț Ƕʚ Ʉʯʚ ŗǒʚƨɼ

pɄȭƨ˝Ʉɼȕ υࣖࡽ ¡ŗȕƨ ʌʯɼƨ ʚɄ ̇țț Ʉʯʚ óʯɼ˙ƨ˦ υࣛࡹ pɄȭƨ˝Ʉɼȕ ࡹ ʌɄțʯʚǶɄȳʌ ŗɼƨ ŗ˙ŗǶțŗſțƨ Ʉȳ ,ŗȭɱʯʌ˝Ƕɼƨࣖ

→ Course expanded to 146 (6 more seats) .



�ǖƨȳƕŗυ $ɼǶƨǑ ɼƨƉŗɱ ɄǑ �ƨƉʚʯɼƨ υࣖࢅ eɼŗƕǶƨȳʚ ƕƨʌƉƨȳʚ Ǒʯȳƕŗȭƨȳʚŗțʌࣖυ eɼŗƕǶƨȳʚ ƕƨʌƉƨȳʚ ƕƨȭɄࣖυ İǫƨȳ Ƕʌ ǖɼŗƕǶƨȳʚ ƕƨʌƉƨȳʚ ǖʯŗɼŗȳʚƨƨƕ ʚɄ ˝Ʉɼȕࣞυ İǶțț ƕǶʌƉʯʌʌ ʚǫƨ Ƕƕƨŗ ɄǑ एƉɄȳ˙ƨ˥Ƕʚ˦ऐࣖ



� ȳƨ˝ țɄʌʌ ǑʯȳƉʚǶɄȳ



ÿǫƨ ɼƨƉǶɱƨ
óʯɱɱɄʌƨ ˝ƨऒɼƨ ǖǶ˙ƨȳ ŗ ƕŗʚŗʌƨʚࣗ Ӌ� Ӌ� ��� ӋӀ ŗȳƕ ˝ŗȳʚ ʚɄ
ƕƨʚƨɼȭǶȳƨ ʚǫƨ ſƨʌʚ Ǒʯʚʯɼƨ ɱɼƨƕǶƉʚǶɄȳ ɏ˶ࣖ
ÿǫƨ ɼƨƉǶɱƨ Ƕʌ ŗʌ ǑɄțțɄ˝ʌࣘ
ࣖࡹ ,ǫɄɄʌƨ ŗ țɄʌʌ ǑʯȳƉʚǶɄȳ ҥ	ɏ Ӌ
 ʚǫŗʚ ȭƨŗʌʯɼƨʌ ǫɄ˝ Ǒŗɼ Ʉʯɼ
ɱɼƨƕǶƉʚǶɄȳ ɏ Ƕʌ ǑɼɄȭ ʚǫƨ एɼǶǖǫʚ ŗȳʌ˝ƨɼऐ Ӌࣖυ �ſʌɄțʯʚƨ țɄʌʌࣗ ҥҴҵӅ	ɏ Ӌ
 � ]Ӌ ˲ ɏ]ࣖυ óɸʯŗɼƨƕ țɄʌʌࣗ ҥӅӃ	ɏ Ӌ
 � 	Ӌ ˲ ɏ
�ࣖ

ࣖࡽ bǶȳƕ ɏ˶ ſ˦ ȭǶȳǶȭǶ˲Ƕȳǖ ʚǫƨ ŗ˙ƨɼŗǖƨ ɄǑ Ʉʯɼ ƉǫɄʌƨȳ țɄʌʌ
ǑʯȳƉʚǶɄȳ Ʉ˙ƨɼ ʚǫƨ ƨȳʚǶɼƨ ƕŗʚŗʌƨʚࣖυ एEȭɱǶɼǶƉŗț ɼǶʌȕऐ Ƕʌ ȍʯʌʚ ŗȳɄʚǫƨɼ ȳŗȭƨ ǑɄɼ ŗ˙ƨɼŗǖƨ țɄʌʌࣖҫ	ɏ
 � �Ӏ Ӏذһ�� ҥ	ɏ Ӌ
☐



� ˙ƨɼ˦ ǶȳʌƨȳʌǶʚǶ˙ƨ țɄʌʌυ �ŗʌʚ ʚǶȭƨࣗ ˝ƨ ǶȳʚɼɄƕʯƉƨƕ ŗ ȳƨ˝ țɄʌʌ ǑʯȳƉʚǶɄȳࣗ ҥӇҶӅҷ ࣗ ˝Ƕʚǫ
ʚǫƨ ɱɼɄɱƨɼʚ˦ ʚǫŗʚ Ƕʚ ࣯ɼɄʯǖǫț˦ࣱ ɱƨȳŗțǶ˲ƨʌ ŗțț ſŗƕ ɱɼƨƕǶƉʚǶɄȳʌ
ʚǫƨ ʌŗȭƨࣖυ Ďȳƕƨɼ ҥӇҶӅҷ ࣗ ŗ ɱɼƨƕǶƉʚǶɄȳ ʚǫŗʚ Ƕʌ ˝ɼɄȳǖ ſ˦ ࡱࢉ ǫŗʌ

ŗɱɱɼɄ˥Ƕȭŗʚƨț˦ ʚǫƨ ʌŗȭƨ țɄʌʌ ŗʌ ŗ ɱɼƨƕǶƉʚǶɄȳ ʚǫŗʚ Ƕʌ
˝ɼɄȳǖ ſ˦ υࣖࡱࡱࢉ ÿǫƨ ƨ˽ƨƉʚࣘ ҥӇҶӅҷ Ƕʌ ȳɄʚ ŗʌ ʌƨȳʌǶʚǶ˙ƨ ʚɄ ɄʯʚțǶƨɼʌࣖ

loss is flat
1-

I 1

c l

i i
'
, .



ҥӇҶӅҷυ ÿǫƨ ǑɄɼȭʯțŗ ǑɄɼ ҥӇҶӅҷ Ƕʌ ŗʌ ǑɄțțɄ˝ʌ ࣯ȳɄ ȳƨƨƕ ʚɄ ȭƨȭɄɼǶ˲ƨࣱࣘҥӇҶӅҷ	ɏ Ӌ
 � � ˲ Ҹ˲	Ӌ˲ɏ
�υ�� ÿǫƨ ʌǫŗɱƨ ࣯ŗȳƕ ǑɄɼȭʯțŗࣱ ƉɄȭƨ ǑɼɄȭ ŗȳ ʯɱʌǶƕƨࣽƕɄ˝ȳ
ſƨțț Ɖʯɼ˙ƨࣖυ ҥӇҶӅҷ ƉɄȳʚŗǶȳʌ ŗ ʌƉŗțƨ ɱŗɼŗȭƨʚƨɼࣗ υࣖ ¥ɄʚǫǶȳǖ ʚɄ ƕɄ ˝Ƕʚǫ ˙ŗɼǶŗȳƉƨ Ʉɼ ʌʚŗȳƕŗɼƕ ƕƨ˙ǶŗʚǶɄȳࣖυ �ƉƉɄʯȳʚʌ ǑɄɼ ʚǫƨ ǑŗƉʚ ʚǫŗʚ ƕǶ˽ƨɼƨȳʚ ƕŗʚŗʌƨʚʌ ǫŗ˙ƨ
ƕǶ˽ƨɼƨȳʚ ʚǫɼƨʌǫɄțƕʌ ǑɄɼ ˝ǫŗʚ ƉɄʯȳʚʌ ŗʌ ŗȳ ɄʯʚțǶƨɼࣖυ ÿǫǶȳȕ ɄǑ  ŗʌ ŗ ȕȳɄſ ʚǫŗʚ ˦Ʉʯ ǖƨʚ ʚɄ ʚʯɼȳ ँ ʚǫƨ țŗɼǖƨɼ Ƕʌࣗ ʚǫƨ ȭɄɼƨ ʌƨȳʌǶʚǶ˙ƨ ҥӇҶӅҷ Ƕʌ ʚɄ ɄʯʚțǶƨɼʌ ࣯ŗȳƕ ʚǫƨ
ȭɄɼƨ ʌȭɄɄʚǫ ҫӇҶӅҷ Ƕʌࣱࣖ



ÿǫƨɼƨऒʌ ŗ ɱɼɄſțƨȭ ˝Ƕʚǫ ҫӇҶӅҷυ ÿǫƨ ƉɄɼɼƨʌɱɄȳƕǶȳǖ ƨȭɱǶɼǶƉŗț ɼǶʌȕࣗ ҫӇҶӅҷ ࣗ ǶʌҫӇҶӅҷ	ɏ
 � �Ӏ Ӏذһ�� �ڃ ˲ Ҹ˲	Ӌһ˲ɏ
υڒ��� ҫӇҶӅҷ Ƕʌ ƕǶ˽ƨɼƨȳʚǶŗſțƨࣖυ �ŗʌʚ ʚǶȭƨࣗ ˝ƨ ʚɄɄȕ ʚǫƨ ƕƨɼǶ˙ŗʚǶ˙ƨ ɄǑ ҫӇҶӅҷ	ɏ
 ŗȳƕ ʌƨʚ Ƕʚ
ƨɸʯŗț ʚɄ ࣖࡱ � � �Ӏ� Ӏذһ�� 	ɏ ˲ Ӌһ
 ͥ Ҹ˲	Ӌһ˲ɏ
�υ�� ÿǫƨɼƨऒʌ ȳɄ ʌɄțʯʚǶɄȳ ʚɄ ʚǫǶʌ ƨɸʯŗʚǶɄȳࣖ óɄ ȳɄ˝ ˝ǫŗʚࣞ

-

-

g-
can't solve by hand



eɼŗƕǶƨȳʚ ƕƨʌƉƨȳʚ Ǒʯȳƕŗȭƨȳʚŗțʌ



ÿǫƨ ǖƨȳƨɼŗț ɱɼɄſțƨȭυ eǶ˙ƨȳࣘ ŗ ƕǶ˽ƨɼƨȳʚǶŗſțƨ ǑʯȳƉʚǶɄȳ ҫ	ɏ
ࣖυ eɄŗțࣘ ̇ȳƕ ʚǫƨ Ƕȳɱʯʚ ɏ˶ ʚǫŗʚ ȭǶȳǶȭǶ˲ƨʌ ҫ	ɏ
ࣖ
t
tyingtofirdbestpred.ch#



¡ƨŗȳǶȳǖ ɄǑ ʚǫƨ ƕƨɼǶ˙ŗʚǶ˙ƨυ İƨऒɼƨ ʚɼ˦Ƕȳǖ ʚɄ ȭǶȳǶȭǶ˲ƨ ŗ ƕǶ˽ƨɼƨȳʚǶŗſțƨ ǑʯȳƉʚǶɄȳ ҫ	ɏ
ࣖ yʌ
ƉŗțƉʯțŗʚǶȳǖ ʚǫƨ ƕƨɼǶ˙ŗʚǶ˙ƨ ǫƨțɱǑʯțࣞυ ҷҫҷɏ 	ɏ
 Ƕʌ ŗ ǑʯȳƉʚǶɄȳࣙ Ƕʚ ǖǶ˙ƨʌ ʚǫƨ ʌțɄɱƨ ŗʚ ɏࣖ

avatar
= slope of

tangent



�ƨ˦ Ƕƕƨŗ ſƨǫǶȳƕ ǖɼŗƕǶƨȳʚ ƕƨʌƉƨȳʚυ yǑ ʚǫƨ ʌțɄɱƨ ɄǑ ҫ ŗʚ ɏ Ƕʌ ɱɄʌǶʚǶ˙ƨ ʚǫƨȳ ȭɄ˙Ƕȳǖ ʚɄ ʚǫƨ țƨǒʚ
ƕƨƉɼƨŗʌƨʌ ʚǫƨ ˙ŗțʯƨ ɄǑ ҫࣖυ Ƕࣖƨࣖࣗ ˝ƨ ʌǫɄʯțƕ ƕƨƉɼƨŗʌƨ ɏࣖ



�ƨ˦ Ƕƕƨŗ ſƨǫǶȳƕ ǖɼŗƕǶƨȳʚ ƕƨʌƉƨȳʚυ yǑ ʚǫƨ ʌțɄɱƨ ɄǑ ҫ ŗʚ ɏ Ƕʌ ȳƨǖŗʚǶ˙ƨ ʚǫƨȳ ȭɄ˙Ƕȳǖ ʚɄ ʚǫƨ ɼǶǖǫʚ
ƕƨƉɼƨŗʌƨʌ ʚǫƨ ˙ŗțʯƨ ɄǑ ҫࣖυ Ƕࣖƨࣖࣗ ˝ƨ ʌǫɄʯțƕ ǶȳƉɼƨŗʌƨ ɏࣖ

.:



�ƨ˦ Ƕƕƨŗ ſƨǫǶȳƕ ǖɼŗƕǶƨȳʚ ƕƨʌƉƨȳʚυ âǶƉȕ ŗ ʌʚŗɼʚǶȳǖ ɱțŗƉƨࣗ ɏ�ࣖ İǫƨɼƨ ƕɄ ˝ƨ ǖɄ ȳƨ˥ʚࣞυ óțɄɱƨ ŗʚ ɏ� ȳƨǖŗʚǶ˙ƨࣞ ÿǫƨȳ ǶȳƉɼƨŗʌƨ ɏ�ࣖυ óțɄɱƨ ŗʚ ɏ� ɱɄʌǶʚǶ˙ƨࣞ ÿǫƨȳ ƕƨƉɼƨŗʌƨ ɏ�ࣖυ ÿǫǶʌ ˝Ƕțț ˝Ʉɼȕࣘ ɏ� � ɏ� ˲ ҷҫҷɏ 	ɏ�

w

initial guess
I

-

opposite the direction

of the derivative



eɼŗƕǶƨȳʚ 6ƨʌƉƨȳʚυ âǶƉȕ ָ ʚɄ ſƨ ŗ ɱɄʌǶʚǶ˙ƨ ȳʯȭſƨɼࣖ yʚ Ƕʌ ʚǫƨ țƨŗɼȳǶȳǖ ɼŗʚƨࣗ ŗțʌɄ
ȕȳɄ˝ȳ ŗʌ ʚǫƨ ʌʚƨɱ ʌǶ˲ƨࣖυ âǶƉȕ ŗ ʌʚŗɼʚǶȳǖ ɱɼƨƕǶƉʚǶɄȳࣗ ɏ�ࣖυ ¶ȳ ʌʚƨɱ һࣗ ɱƨɼǑɄɼȭ ʯɱƕŗʚƨ ɏһ � ɏһ˲� ˲ ָ ͥ ҷҫҷɏ 	ɏһ˲�
υ éƨɱƨŗʚ ʯȳʚǶț ƉɄȳ˙ƨɼǖƨȳƉƨ ࣯˝ǫƨȳ ɏ ƕɄƨʌȳऒʚ Ɖǫŗȳǖƨ ȭʯƉǫࣱࣖυ ¥Ʉʚƨࣘ Ƕʚऒʌ Ɖŗțțƨƕ ǖɼŗƕǶƨȳʚ ƕƨʌƉƨȳʚ ſƨƉŗʯʌƨ ʚǫƨ एǖɼŗƕǶƨȳʚऐ
Ƕʌ ʚǫƨ ǖƨȳƨɼŗțǶ˲ŗʚǶɄȳ ɄǑ ʚǫƨ ƕƨɼǶ˙ŗʚǶ˙ƨ ǑɄɼ ȭʯțʚǶ˙ŗɼǶŗʚƨ
ǑʯȳƉʚǶɄȳʌࣖ

→
" h naught

"

f
learning rate/step size

-
derivative
at prev.

guess



ĸɄʯ ˝Ƕțț ȳɄʚ ſƨ ɼƨʌɱɄȳʌǶſțƨ ǑɄɼ ǶȭɱțƨȭƨȳʚǶȳǖ ǖɼŗƕǶƨȳʚ ƕƨʌƉƨȳʚ
Ƕȳ ʚǫǶʌ Ɖțŗʌʌࣗ ſʯʚ ǫƨɼƨऒʌ ŗȳ ǶȭɱțƨȭƨȳʚŗʚǶɄȳ Ƕȳ â˦ʚǫɄȳ ǶǑ ˦Ʉʯऒɼƨ
ƉʯɼǶɄʯʌࣘ

FGH ITCFKGPVAFGUEGPV
FGTKXCVKXG� J� CNRJC� VQN֟ՓG�ՓՔ��
ЀЀЀ/KPKOK\G WUKPI ITCFKGPV FGUEGPV�ЀЀЀ
YJKNG 6TWG�

JAPGZV ֟ J � CNRJC � FGTKXCVKXG
J�
KH CDU
JAPGZV � J� ֤ VQN�

DTGCM
J ֟ JAPGZV

TGVWTP J

-



E˥ŗȭɱțƨࣘ ¡ǶȳǶȭǶ˲Ƕȳǖ ȭƨŗȳ ʌɸʯŗɼƨƕ ƨɼɼɄɼυ éƨƉŗțț ʚǫƨ ȭƨŗȳ ʌɸʯŗɼƨƕ ƨɼɼɄɼ ŗȳƕ Ƕʚʌ ƕƨɼǶ˙ŗʚǶ˙ƨࣘҫʌɸ	ɏ
 � �Ӏ Ӏذһ�� 	Ӌһ ˲ ɏ
� ҷҫʌɸҷɏ 	ɏ
 � �Ӏ Ӏذһ�� 	ɏ ˲ Ӌһ

6ǶʌƉʯʌʌǶɄȳ çʯƨʌʚǶɄȳ

�ƨʚ Ӌ� � ˲� Ӌ� � ˲� Ӌ� � � Ӌ� � �ࣖ âǶƉȕ ɏ� � �
ŗȳƕ ָ � ���ࣖ İǫŗʚ Ƕʌ ɏ�ࣞ
ŗࣱ ࣽࡹ
ſࣱ ࡱ
Ɖࣱ ࡹ
ƕࣱ ࡽ
ÿɄ ŗȳʌ˝ƨɼࣗ ǖɄ ʚɄ OGPVK�EQO ŗȳƕ ƨȳʚƨɼ ʚǫƨ ƉɄƕƨ ࡱࡹ࢙
ࣖࡽࢅ



óɄțʯʚǶɄȳ

ҫʌɸ	ɏ
 � �Ӏ Ӏذһ�� 	Ӌһ ˲ ɏ
� ҷҫʌɸҷɏ 	ɏ
 � �Ӏ Ӏذһ�� 	ɏ ˲ Ӌһ

6ŗʚŗ ˙ŗțʯƨʌ ŗɼƨ ˲� ˲� � �ࣖ âǶƉȕ ɏ� � � ŗȳƕ ָ � ���ࣖ bǶȳƕ ɏ�ࣖ
hi = hi- i - ✗ • ¥0 (hi- ,)

☐

→
g

h
,

⇒ h
,
= hi?É%aR÷In. ) = 4- ±,

- 0--4-2 =/②

⇒ dR÷ (4) = 2g fit - C-4)) + G-C-D) + [4-2]+[4-43]
= 1-2 . 16--182



eɼŗƕǶƨȳʚ ƕƨʌƉƨȳʚ ƕƨȭɄ



�ƨʚऒʌ ʌƨƨ ǖɼŗƕǶƨȳʚ ƕƨʌƉƨȳʚ Ƕȳ ŗƉʚǶɄȳࣖ
bɄțțɄ˝ ŗțɄȳǖ ˝Ƕʚǫ ʚǫƨ ƕƨȭɄ ſ˦ ƉțǶƉȕǶȳǖ ʚǫƨ ƉɄƕƨ țǶȳȕ Ʉȳ ʚǫƨ
ƉɄʯɼʌƨ ˝ƨſʌǶʚƨ ȳƨ˥ʚ ʚɄ �ƨƉʚʯɼƨ ࣖࢉ



İǫƨȳ Ƕʌ ǖɼŗƕǶƨȳʚ ƕƨʌƉƨȳʚ ǖʯŗɼŗȳʚƨƨƕ ʚɄ ˝Ʉɼȕࣞ



,Ʉȳ˙ƨ˥ ǑʯȳƉʚǶɄȳʌ

,Ʉȳ˙ƨ˥ ¥ɄȳࣽƉɄȳ˙ƨ˥



,Ʉȳ˙ƨ˥Ƕʚ˦ࣘ 6ƨ̇ȳǶʚǶɄȳυ ҹ Ƕʌ ƉɄȳ˙ƨ˥ ǶǑ ǑɄɼ ƨ˙ƨɼ˦ Ҵ ҵ Ƕȳ ʚǫƨ ƕɄȭŗǶȳ ɄǑ ҹ ࣗ ʚǫƨ țǶȳƨ
ʌƨǖȭƨȳʚ ſƨʚ˝ƨƨȳ	Ҵ ҹ	Ҵ

 ŗȳƕ 	ҵ ҹ	ҵ


ƕɄƨʌ ȳɄʚ ǖɄ ſƨțɄ˝ ʚǫƨ ɱțɄʚ ɄǑ ҹ ࣖ

•

¥



,Ʉȳ˙ƨ˥Ƕʚ˦ࣘ 6ƨ̇ȳǶʚǶɄȳυ ҹ Ƕʌ ƉɄȳ˙ƨ˥ ǶǑ ǑɄɼ ƨ˙ƨɼ˦ Ҵ ҵ Ƕȳ ʚǫƨ ƕɄȭŗǶȳ ɄǑ ҹ ࣗ ʚǫƨ țǶȳƨ
ʌƨǖȭƨȳʚ ſƨʚ˝ƨƨȳ	Ҵ ҹ	Ҵ

 ŗȳƕ 	ҵ ҹ	ҵ


ƕɄƨʌ ȳɄʚ ǖɄ ſƨțɄ˝ ʚǫƨ ɱțɄʚ ɄǑ ҹ ࣖ

÷



,Ʉȳ˙ƨ˥Ƕʚ˦ࣘ bɄɼȭŗț ƕƨ̇ȳǶʚǶɄȳυ � ǑʯȳƉʚǶɄȳ ҹ ̒ ɖ ɲ ɖ Ƕʌ ƉɄȳ˙ƨ˥ ǶǑ ǑɄɼ ƨ˙ƨɼ˦ ƉǫɄǶƉƨ ɄǑ Ҵ ҵ
ŗȳƕ ӆ ˨ <� �>ࣘ	� ˲ ӆ
ҹ	Ҵ
 � ӆҹ	ҵ
 ̲ ҹ		� ˲ ӆ
Ҵ � ӆҵ
υ ÿǫǶʌ Ƕʌ ŗ ǑɄɼȭŗț ˝ŗ˦ ɄǑ ɼƨʌʚŗʚǶȳǖ ʚǫƨ ƉɄȳƕǶʚǶɄȳ ǑɼɄȭ ʚǫƨ
ɱɼƨ˙ǶɄʯʌ ʌțǶƕƨࣖυ İƨ ˝Ƕțț ȳɄʚ ʯʌƨ ʚǫǶʌ ƕƨ̇ȳǶʚǶɄȳ ǑɄɼ ŗȳ˦ʚǫǶȳǖࣛυ yʚऒʌ ȍʯʌʚ ǫƨɼƨ ʌɄ ʚǫŗʚ ˦Ʉʯऒɼƨ ŗ˝ŗɼƨ ɄǑ Ƕʚࣖ
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İǫǶƉǫ ɄǑ ʚǫƨʌƨ ǑʯȳƉʚǶɄȳʌ Ƕʌ ȳɄʚ ƉɄȳ˙ƨ˥ࣞ
ŗࣱ ҹ	ӊ
 � ]ӊ]
ſࣱ ҹ	ӊ
 � Ҹӊ
Ɖࣱ ҹ	ӊ
 � ˹ӊ ˲ �
Ɖࣱ ҹ	ӊ
 � 	ӊ ˲ �
��

ÿɄ ŗȳʌ˝ƨɼࣗ ǖɄ ʚɄ OGPVK�EQO ŗȳƕ ƨȳʚƨɼ ʚǫƨ ƉɄƕƨ ࡱࡹ࢙
ࣖࡽࢅ

-fad is concave .

** "" ⑦

0¥ HE



İǫ˦ ƕɄƨʌ ƉɄȳ˙ƨ˥Ƕʚ˦ ȭŗʚʚƨɼࣞυ ,Ʉȳ˙ƨ˥ ǑʯȳƉʚǶɄȳʌ ŗɼƨ ࣯ɼƨțŗʚǶ˙ƨț˦ࣱ ƨŗʌ˦ ʚɄ ȭǶȳǶȭǶ˲ƨ ˝Ƕʚǫ
ǖɼŗƕǶƨȳʚ ƕƨʌƉƨȳʚࣖυ ÿǫƨɄɼƨȭࣘ ǶǑ ҫ	ɏ
 Ƕʌ ƉɄȳ˙ƨ˥ ŗȳƕ ƕǶ˽ƨɼƨȳʚǶŗſțƨ ʚǫƨȳ
ǖɼŗƕǶƨȳʚ ƕƨʌƉƨȳʚ ƉɄȳ˙ƨɼǖƨʌ ʚɄ ŗ ǖțɄſŗț ȭǶȳǶȭʯȭ ɄǑ ҫ
ɤɮȹˉǮƐƣƐ ʚǫŗʚ ʚǫƨ ʌʚƨɱ ʌǶ˲ƨ Ƕʌ ʌȭŗțț ƨȳɄʯǖǫࣖυ İǫ˦ࣞυ yǑ ŗ ǑʯȳƉʚǶɄȳ Ƕʌ ƉɄȳ˙ƨ˥ ŗȳƕ ǫŗʌ ŗ țɄƉŗț ȭǶȳǶȭʯȭࣗ ʚǫŗʚ

țɄƉŗț ȭǶȳǶȭʯȭ ȭʯʌʚ ſƨ ŗ ǖțɄſŗț ȭǶȳǶȭʯȭࣖυ yȳ Ʉʚǫƨɼ ˝Ʉɼƕʌࣗ ǖɼŗƕǶƨȳʚ ƕƨʌƉƨȳʚ ˝Ʉȳऒʚ ǖƨʚ
ʌʚʯƉȕࣩʚƨɼȭǶȳŗʚƨ Ƕȳ țɄƉŗț ȭǶȳǶȭʯȭʌ ʚǫŗʚ ŗɼƨȳऒʚ ǖțɄſŗț
ȭǶȳǶȭʯȭʌ ࣯ŗʌ ǫŗɱɱƨȳƨƕ ˝Ƕʚǫ ҫӇҶӅҷ	ɏ
 ŗȳƕ ŗ ʌȭŗțț 
Ƕȳ Ʉʯɼ ƕƨȭɄࣱࣖ



¥ɄȳƉɄȳ˙ƨ˥Ƕʚ˦ ŗȳƕ ǖɼŗƕǶƨȳʚ ƕƨʌƉƨȳʚυ İƨ ʌŗ˦ ŗ ǑʯȳƉʚǶɄȳ Ƕʌ ȳɄȳƉɄȳ˙ƨ˥ ǶǑ Ƕʚ ƕɄƨʌ ȳɄʚ ȭƨƨʚ ʚǫƨ
ƉɼǶʚƨɼǶŗ ǑɄɼ ƉɄȳ˙ƨ˥Ƕʚ ࣖ˦υ ¥ɄȳƉɄȳ˙ƨ˥ ǑʯȳƉʚǶɄȳʌ ŗɼƨ ࣯ɼƨțŗʚǶ˙ƨț˦ࣱ ǫŗɼƕ ʚɄ ȭǶȳǶȭǶ˲ƨࣖυ eɼŗƕǶƨȳʚ ƕƨʌƉƨȳʚ Ɖŗȳ ʌʚǶțț ſƨ ʯʌƨǑʯțࣗ ſʯʚ Ƕʚऒʌ ȳɄʚ
ǖʯŗɼŗȳʚƨƨƕ ʚɄ ƉɄȳ˙ƨɼǖƨ ʚɄ ŗ ǖțɄſŗț ȭǶȳǶȭʯȭࣖυ İƨ ʌŗ˝ ʚǫǶʌ ˝ǫƨȳ ʚɼ˦Ƕȳǖ ʚɄ ȭǶȳǶȭǶ˲ƨ ҫӇҶӅҷ	ɏ
 ˝Ƕʚǫ ŗ

ʌȭŗțțƨɼ ࣖ



óƨƉɄȳƕ ƕƨɼǶ˙ŗʚǶ˙ƨ ʚƨʌʚ ǑɄɼ ƉɄȳ˙ƨ˥Ƕʚ˦υ yǑ ҹ	ӊ
 Ƕʌ ŗ ǑʯȳƉʚǶɄȳ ɄǑ ŗ ʌǶȳǖțƨ ˙ŗɼǶŗſțƨ ŗȳƕ Ƕʌ ʚ˝ǶƉƨ
ƕǶ˽ƨɼƨȳʚǶŗſțƨࣗ ʚǫƨȳࣘυ ҹ	ӊ
 Ƕʌ ƉɄȳ˙ƨ˥ ǶǑ ŗȳƕ Ʉȳț˦ ǶǑ ҷ�ҹҷӊ� 	ӊ
 ̲ � ǑɄɼ ŗțț ӊࣖυ E˥ŗȭɱțƨࣘ ҹ	ӊ
 � ӊ� Ƕʌ ƉɄȳ˙ƨ˥ࣖ

,Ʉȳ˙ƨ˥ ¥ɄȳࣽƉɄȳ˙ƨ˥

☐
1- = 4×3
, dd÷zf'= 12×2

\
.



,Ʉȳ˙ƨ˥Ƕʚ˦ ɄǑ ƨȭɱǶɼǶƉŗț ɼǶʌȕυ yǑ ҥ	ɏ Ӌ
 Ƕʌ ŗ ƉɄȳ˙ƨ˥ ǑʯȳƉʚǶɄȳ ࣯˝ǫƨȳ Ӌ Ƕʌ ̇˥ƨƕࣱ ʚǫƨȳҫ	ɏ
 � �Ӏ Ӏذһ�� ҥ	ɏ Ӌһ

Ƕʌ ƉɄȳ˙ƨ˥ࣖυ İǫ˦ࣞ $ƨƉŗʯʌƨ ʌʯȭʌ ɄǑ ƉɄȳ˙ƨ˥ ǑʯȳƉʚǶɄȳʌ ŗɼƨ ƉɄȳ˙ƨ˥ࣖυ İǫŗʚ ƕɄƨʌ ʚǫǶʌ ȭƨŗȳࣞυ yǑ ŗ țɄʌʌ ǑʯȳƉʚǶɄȳ Ƕʌ ƉɄȳ˙ƨ˥ ࣯ǑɄɼ ŗ ɱŗɼʚǶƉʯțŗɼ ʚ˦ɱƨ ɄǑ

ɱɼƨƕǶƉʚǶɄȳࣱࣗ ʚǫƨȳ ʚǫƨ ƉɄɼɼƨʌɱɄȳƕǶȳǖ ƨȭɱǶɼǶƉŗț ɼǶʌȕ
˝Ƕțț ŗțʌɄ ſƨ ƉɄȳ˙ƨ˥ࣖ



,Ʉȳ˙ƨ˥Ƕʚ˦ ɄǑ țɄʌʌ ǑʯȳƉʚǶɄȳʌυ yʌ ҥʌɸ	ɏ Ӌ
 � 	Ӌ ˲ ɏ
� ƉɄȳ˙ƨ˥ࣞ ĸƨʌ Ʉɼ ¥Ʉࣖυ yʌ ҥŗſʌ	ɏ Ӌ
 � ]Ӌ ˲ ɏ] ƉɄȳ˙ƨ˥ࣞ ĸƨʌ Ʉɼ ¥Ʉࣖυ yʌ ҥӇҶӅҷ	ɏ Ӌ
 ƉɄȳ˙ƨ˥ࣞ ĸƨʌ Ʉɼ ¥Ʉࣖ8

below the

function !



,Ʉȳ˙ƨ˥Ƕʚ˦ ɄǑ ҫӇҶӅҷυ � ǑʯȳƉʚǶɄȳ Ɖŗȳ ſƨ ƉɄȳ˙ƨ˥ Ƕȳ ŗ ɼƨǖǶɄȳࣖυ yǑ  Ƕʌ țŗɼǖƨࣗ ҫӇҶӅҷ	ɏ
 Ƕʌ ƉɄȳ˙ƨ˥ Ƕȳ ŗ ſǶǖ ɼƨǖǶɄȳ ŗɼɄʯȳƕ ƕŗʚŗࣖυ � țŗɼǖƨ  țƨƕ ʚɄ ŗ ˙ƨɼ˦ ʌȭɄɄʚǫࣗ ɱŗɼŗſɄțǶƉࣽțɄɄȕǶȳǖ
ƨȭɱǶɼǶƉŗț ɼǶʌȕ ǑʯȳƉʚǶɄȳ ˝Ƕʚǫ ŗ ʌǶȳǖțƨ țɄƉŗț ȭǶȳǶȭʯȭ
࣯˝ǫǶƉǫ ˝ŗʌ ŗ ǖțɄſŗț ȭǶȳǶȭʯȭࣱࣖυ yǑ  Ƕʌ ʌȭŗțțࣗ ҫӇҶӅҷ	ɏ
 Ƕʌ ƉɄȳ˙ƨ˥ Ƕȳ Ʉȳț˦ ʌȭŗțț ɼƨǖǶɄȳʌࣖυ � ʌȭŗțț  țƨƕ ʚɄ ŗ ˙ƨɼ˦ ſʯȭɱ˦ ƨȭɱǶɼǶƉŗț ɼǶʌȕ ǑʯȳƉʚǶɄȳ
˝Ƕʚǫ ȭŗȳ˦ țɄƉŗț ȭǶȳǶȭʯȭʌࣖ
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éƨƉŗțț ʚǫƨ ƨȭɱǶɼǶƉŗț ɼǶʌȕ ǑɄɼ ŗſʌɄțʯʚƨ țɄʌʌࣗҫҴҵӅ	ɏ
 � �Ӏ Ӏذһ�� ]Ӌһ ˲ ɏ]
yʌҫҴҵӅ	ɏ
 ƉɄȳ˙ƨ˥ࣞ yʌ ǖɼŗƕǶƨȳʚ ƕƨʌƉƨȳʚ ǖʯŗɼŗȳʚƨƨƕ ʚɄ ̇ȳƕ
ŗ ǖțɄſŗț ȭǶȳǶȭʯȭࣗ ǖǶ˙ƨȳ ŗȳ ŗɱɱɼɄɱɼǶŗʚƨ ʌʚƨɱ ʌǶ˲ƨࣞ

ŗࣱ ĸEó ƉɄȳ˙ƨ˥ࣗ ĸEó ǖʯŗɼŗȳʚƨƨƕ
ſࣱ ĸEó ƉɄȳ˙ƨ˥ࣗ ¥¶ÿ ǖʯŗɼŗȳʚƨƨƕ
Ɖࣱ ¥¶ÿ ƉɄȳ˙ƨ˥ࣗ ĸEó ǖʯŗɼŗȳʚƨƨƕ
Ɖࣱ ¥¶ÿ ƉɄȳ˙ƨ˥ࣗ ¥¶ÿ ǖʯŗɼŗȳʚƨƨƕ

ÿɄ ŗȳʌ˝ƨɼࣗ ǖɄ ʚɄ OGPVK�EQO ŗȳƕ ƨȳʚƨɼ ʚǫƨ ƉɄƕƨ ࡱࡹ࢙
ࣖࡽࢅ



óʯȭȭŗɼ˦



óʯȭȭŗɼ˦υ eɼŗƕǶƨȳʚ ƕƨʌƉƨȳʚ Ƕʌ ŗ ǖƨȳƨɼŗț ʚɄɄț ʯʌƨƕ ʚɄ ȭǶȳǶȭǶ˲ƨ
ƕǶ˽ƨɼƨȳʚǶŗſțƨ ǑʯȳƉʚǶɄȳʌࣖυ İƨ ˝Ƕțț ʯʌʯŗțț˦ ʯʌƨ Ƕʚ ʚɄ ȭǶȳǶȭǶ˲ƨ ƨȭɱǶɼǶƉŗț ɼǶʌȕࣗ ſʯʚ

Ƕʚ Ɖŗȳ ȭǶȳǶȭǶ˲ƨ Ʉʚǫƨɼ ʚǫǶȳǖʌࣗ ʚɄɄࣖυ eɼŗƕǶƨȳʚ ƕƨʌƉƨȳʚ ʯɱƕŗʚƨʌ ǖʯƨʌʌƨʌ ǑɄɼ ɏ˶ ſ˦ ʯʌǶȳǖ ʚǫƨ
ʯɱƕŗʚƨ ɼʯțƨ ɏһ � ɏһ˲� ˲ ָ ͥ ٧ҷҫҷɏ 	ɏһ˲�
υٶ ,Ʉȳ˙ƨ˥ ǑʯȳƉʚǶɄȳʌ ŗɼƨ ࣯ɼƨțŗʚǶ˙ƨț˦ࣱ ƨŗʌ˦ ʚɄ ɄɱʚǶȭǶ˲ƨ ˝Ƕʚǫ
ǖɼŗƕǶƨȳʚ ƕƨʌƉƨȳʚࣖυ İƨ țǶȕƨ ƉɄȳ˙ƨ˥ țɄʌʌ ǑʯȳƉʚǶɄȳʌࣗ țǶȕƨ ʚǫƨ ʌɸʯŗɼƨƕ țɄʌʌ ŗȳƕ
ŗſʌɄțʯʚƨ țɄʌʌࣖ

☐



İǫŗʚऒʌ ȳƨ˥ʚࣞυ óɄ Ǒŗɼࣗ ˝ƨऒ˙ƨ ſƨƨȳ ɱɼƨƕǶƉʚǶȳǖ Ǒʯʚʯɼƨ ˙ŗțʯƨʌ ࣯ʌŗțŗɼ ࣗ˦ ǑɄɼ
ǶȳʌʚŗȳƉƨࣱ ˝ǶʚǫɄʯʚ ʯʌǶȳǖ ŗȳ˦ ǶȳǑɄɼȭŗʚǶɄȳ ŗſɄʯʚ ʚǫƨ
ǶȳƕǶ˙Ƕƕʯŗțࣖυ eâ�ࣖυ ĸƨŗɼʌ ɄǑ ƨ˥ɱƨɼǶƨȳƉƨࣖυ ¥ʯȭſƨɼ ɄǑ �Ƕȳȕƨƕyȳ ƉɄȳȳƨƉʚǶɄȳʌࣖυ ¡ŗȍɄɼࣖυ pɄ˝ ƕɄ ˝ƨ ǶȳƉɄɼɱɄɼŗʚƨ ʚǫǶʌ ǶȳǑɄɼȭŗʚǶɄȳ ǶȳʚɄ Ʉʯɼ
ɱɼƨƕǶƉʚǶɄȳࣽȭŗȕǶȳǖ ɱɼɄƉƨʌʌࣞ


