
�ƨƉʚʯɼƨ ࡹ ँ éƨ˙Ƕƨ˝ࣗ ,ɄȳƉțʯʌǶɄȳ

6ó, ࣗ�ࡱࢅ bŗțț ࡹࡽࡱࡽ  Ď, óŗȳ 6ǶƨǖɄ
óʯɼŗȍ éŗȭɱʯɼƨࣗ ˝Ƕʚǫ ǫƨțɱ ǑɼɄȭ ȭŗȳ˦ Ʉʚǫƨɼʌ



�ȳȳɄʯȳƉƨȭƨȳʚʌυ pɄȭƨ˝Ʉɼȕ  Ƕʌ ƕʯƨ ʚɄȭɄɼɼɄ˝ ࢁࣩࡽࡹ ŗʚ ɱȭࣖυ࢙ࢉࣘࡹࡹ � ɼƨƉɄɼƕǶȳǖ ɄǑ 6ǶʌƉʯʌʌǶɄȳ  ࣯ɱɼɄſŗſǶțǶʚ˦ ɼƨ˙Ƕƨ˝ࣱ Ƕʌ ɱɄʌʚƨƕ
Ʉȳ ʚǫƨ ƉɄʯɼʌƨ ˝ƨſʌǶʚƨ ŗȳƕ Ʉȳ ,ŗȭɱʯʌ˝Ƕɼƨࣖυ bǶțț Ʉʯʚ ,�âEʌ ॻ ʚǫƨ EȳƕࣽɄǑࣽçʯŗɼʚƨɼ ʌʯɼ˙ƨ ࣖ˦ yǑ ࡱ࢙ ɄǑ ʚǫƨ
Ɖțŗʌʌ ƕɄƨʌ ſɄʚǫࣗ ƨ˙ƨɼ˦Ʉȳƨ ǖƨʚʌ ࢉࣖࡱ ƨ˥ʚɼŗ ƉɼƨƕǶʚ ŗƕƕƨƕ ʚɄ
ʚǫƨǶɼ ̇ȳŗț ƉɄʯɼʌƨ ǖɼŗƕƨࣖυ 6ƨŗƕțǶȳƨࣘ ¡Ʉȳƕŗ˦ ŗʚ ŗȭࣖυ ÿǫƨ bǶȳŗț E˥ŗȭ Ƕʌ Ʉȳ İƨƕȳƨʌƕŗ˦ ࣩࡽࡹ ǑɼɄȭ
â¡ࣖυࡱࢁࣘࡽࣽ¡�ࡱࢁࣘࡹࡹ ĸɄʯऒțț ʚŗȕƨ ʚǫƨ ƨ˥ŗȭ ɼƨȭɄʚƨț˦ ſ˦ ƕɄ˝ȳțɄŗƕǶȳǖ ŗ â6b

ǑɼɄȭ eɼŗƕƨʌƉɄɱƨ ŗȳƕ ʌʯſȭǶʚʚǶȳǖ ˦Ʉʯɼ ŗȳʌ˝ƨɼʌ ŗʌ ŗ
â6b ſ˦ ʚǫƨ ƕƨŗƕțǶȳƨࣖυ ¶ɱƨȳ Ƕȳʚƨɼȳƨʚࣗ ſʯʚ ȳɄ eɄɄǖțǶȳǖ ǑɄɼ ʚǫƨ ŗȳʌ˝ƨɼʌࣗ ŗȳƕ
ȳɄ ƉɄțțŗſɄɼŗʚǶɄȳࣖυ ¡Ʉɼƨ ƕƨʚŗǶțʌ ʚɄ ƉɄȭƨ ʚǫǶʌ ˝ƨƨȕƨȳƕࣖ



bǶȳŗț ɱɼƨɱŗɼŗʚǶɄȳυ éƨ˙Ƕƨ˝ ʚǫƨ ʌɄțʯʚǶɄȳʌ ʚɄ ɱɼƨ˙ǶɄʯʌ ǫɄȭƨ˝Ʉɼȕʌ ŗȳƕ
ǖɼɄʯɱ˝Ʉɼȕʌࣖυ �țț ƨ˥Ɖƨɱʚ pɄȭƨ˝Ʉɼȕ  ŗɼƨ ʯɱࣖυ yƕƨȳʚǶǑ˦ ˝ǫǶƉǫ ƉɄȳƉƨɱʚʌ ŗɼƨ ʌʚǶțț Ƕ˽ ࣖ˦ éƨࣽ˝ŗʚƉǫ țƨƉʚʯɼƨࣗ
ɱɄʌʚ Ʉȳ ,ŗȭɱʯʌ˝Ƕɼƨࣗ ƉɄȭƨ ʚɄ Ʉ˾Ɖƨ ǫɄʯɼʌࣖυ İƨ ǫŗ˙ƨ ȭŗȳ˦ Ʉ˾Ɖƨ ǫɄʯɼʌ ſƨʚ˝ƨƨȳ ȳɄ˝ ŗȳƕ ʚǫƨ

ƨ˥ŗȭࣖυ �ɄɄȕ ŗʚ ʚǫƨ ɱŗʌʚ ƨ˥ŗȭʌ ŗʚ
JVVRU���FUEՖՒC�EQO�TGUQWTEGUࣖυ İŗʚƉǫ ʚǫƨ ɱɼɄſŗſǶțǶʚ˦ ɼƨ˙Ƕƨ˝ ƕǶʌƉʯʌʌǶɄȳࣖυ óʚʯƕ˦ Ƕȳ ǖɼɄʯɱʌࣖυ ¡ŗȕƨ ŗ एƉǫƨŗʚ ʌǫƨƨʚऐࣖ

→ cumulative! !!



�ǖƨȳƕŗυ pǶǖǫࣽțƨ˙ƨț ʌʯȭȭŗɼ˦ ɄǑ ʚǫƨ ƉɄʯɼʌƨࣖυ éƨ˙Ƕƨ˝ ɱɼɄſțƨȭʌࣖυ ,ɄȳƉțʯʌǶɄȳࣖ

→ Midterm review session has more !



İǫŗʚ ˝ŗʌ ʚǫǶʌ ƉɄʯɼʌƨ ŗſɄʯʚࣞ



âŗɼʚ ࣘࡹ óʯɱƨɼ˙Ƕʌƨƕ țƨŗɼȳǶȳǖ ࣯�ƨƉʚʯɼƨʌ ࡹ ࣱࡱࣽࡹ

ÿǫƨ एțƨŗɼȳǶȳǖ ǑɼɄȭ ƕŗʚŗऐ ɼƨƉǶɱƨ ʚɄ ȭŗȕƨ ɱɼƨƕǶƉʚǶɄȳʌࣘ
ࣖࡹ ,ǫɄɄʌƨ ŗ ɱɼƨƕǶƉʚǶɄȳ ɼʯțƨࣖ İƨऒ˙ƨ ʌƨƨȳ ŗ Ǒƨ˝ࣘυ ,Ʉȳʌʚŗȳʚࣘ ҡ	ӊ
 � ɏࣖυ óǶȭɱțƨ țǶȳƨŗɼࣘ ҡ	ӊ
 � Ӊ� � Ӊ�ӊࣖυ ¡ʯțʚǶɱțƨ țǶȳƨŗɼࣘ ҡ	ӊ
 � Ӊ� � Ӊ�ӊ	�
 � Ӊ�ӊ	�
 � ��� � Ӊҷӊ	ҷ
ࣖ
ࣖࡽ ,ǫɄɄʌƨ ŗ țɄʌʌ ǑʯȳƉʚǶɄȳࣖυ �ſʌɄțʯʚƨ țɄʌʌࣘ ҥ	ɏ Ӌ
 � ]Ӌ ˲ ɏ]ࣖυ óɸʯŗɼƨƕ țɄʌʌࣘ ҥ	ɏ Ӌ
 � 	Ӌ ˲ ɏ
�ࣖυ ࡱ ࣽࡹ țɄʌʌࣗ Ď,ó6 țɄʌʌࣗ ƨʚƉࣖ
ࣖࢁ ¡ǶȳǶȭǶ˲ƨ ƨȭɱǶɼǶƉŗț ɼǶʌȕ ʚɄ ̇ȳƕ ɄɱʚǶȭŗț ɱŗɼŗȭƨʚƨɼʌࣖυ �țǖƨſɼŗǶƉ ŗɼǖʯȭƨȳʚʌࣖυ ,ŗțƉʯțʯʌ ࣯ǶȳƉțʯƕǶȳǖ ˙ƨƉʚɄɼ ƉŗțƉʯțʯʌࣱࣖυ eɼŗƕǶƨȳʚ ƕƨʌƉƨȳʚࣖ

linear algebraTeaming.
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constant pred , abs loss :

Ras, (h) = I §, /yi
- h /

simple linear , sq loss :

Rsa (wo, w,) -- 1-ni.IE/yi-lwo+wiX :))
"

multiple linear
, sq loss

:

Rsacñ)= d- 115 - ✗ñli
I 1

obs design matrixvector



âŗɼʚ ࣘࡹ Ďȳʌʯɱƨɼ˙Ƕʌƨƕ țƨŗɼȳǶȳǖ ࣯�ƨƉʚʯɼƨʌ ࡱࡹ υࣱࡹࣽࡹ İǫƨȳ țƨŗɼȳǶȳǖ ǫɄ˝ ʚɄ ̇ʚ ɱɼƨƕǶƉʚǶɄȳ ɼʯțƨʌ Ƕȳ �ƨƉʚʯɼƨʌ ࡹ ࣗࡱࣽࡹ
˝ƨ ˝ƨɼƨ ɱƨɼǑɄɼȭǶȳǖ ʌʯɱƨɼ˙Ƕʌƨƕ ȭŗƉǫǶȳƨ țƨŗɼȳǶȳǖࣖυ yȳ �ƨƉʚʯɼƨʌ ࡱࡹ ŗȳƕ ࣗࡹࡹ ˝ƨ ƕǶʌƉʯʌʌƨƕ ҽࣽ¡ƨŗȳʌ ,țʯʌʚƨɼǶȳǖࣗ
ŗȳ ʯȳʌʯɱƨɼ˙Ƕʌƨƕ ȭŗƉǫǶȳƨ țƨŗɼȳǶȳǖ ȭƨʚǫɄƕࣖυ óʯɱƨɼ˙Ƕʌƨƕ țƨŗɼȳǶȳǖࣘ ʚǫƨɼƨ Ƕʌ ŗ एɼǶǖǫʚ ŗȳʌ˝ƨɼऐ ʚǫŗʚ ˝ƨ

ŗɼƨ ʚɼ˦Ƕȳǖ ʚɄ ɱɼƨƕǶƉʚࣖυ Ďȳʌʯɱƨɼ˙Ƕʌƨƕ țƨŗɼȳǶȳǖࣘ ʚǫƨɼƨ Ƕʌ ȳɄ ɼǶǖǫʚ ŗȳʌ˝ƨɼࣗ
Ƕȳʌʚƨŗƕ ˝ƨऒɼƨ ʚɼ˦Ƕȳǖ ʚɄ ̇ȳƕ ɱŗʚʚƨɼȳʌ Ƕȳ ʚǫƨ ʌʚɼʯƉʚʯɼƨ
ɄǑ ʚǫƨ ƕŗʚŗࣖ

✗ inertia
centroids

i



âŗɼʚ ࣘࡽ âɼɄſŗſǶțǶʚ˦ Ǒʯȳƕŗȭƨȳʚŗțʌ ࣯�ƨƉʚʯɼƨʌ ࡹࡹ υࣱࡽࣽࡹ yǑ ŗțț ɄʯʚƉɄȭƨʌ Ƕȳ ʚǫƨ ʌŗȭɱțƨ ʌɱŗƉƨ Ҭ ŗɼƨ ƨɸʯŗțț˦ țǶȕƨț ࣗ˦
ʚǫƨȳ ҩ	Қ
 � ]Қ]]Ҭ] ࣖυ ğҚ Ƕʌ ʚǫƨ ƉɄȭɱțƨȭƨȳʚ ɄǑ ƨ˙ƨȳʚ Қࣖ ҩ	 ğҚ
 � � ˲ ҩ	Қ
ࣖυ ÿ˝Ʉ ƨ˙ƨȳʚʌ Қࣗ қ ŗɼƨ ȭʯʚʯŗțț˦ ƨ˥ƉțʯʌǶ˙ƨ ǶǑ ʚǫƨ˦ ʌǫŗɼƨ ȳɄ
ɄʯʚƉɄȭƨʌࣗ Ƕࣖƨࣖ ʚǫƨ˦ ƕɄȳऒʚ Ʉ˙ƨɼțŗɱࣖ yȳ ʚǫǶʌ Ɖŗʌƨࣗ ʚǫƨ
ɱɼɄſŗſǶțǶʚ˦ ʚǫŗʚ Қ ǫŗɱɱƨȳʌ Ʉɼ қ ǫŗɱɱƨȳʌ Ƕʌҩ	Қ ̉ қ
 � ҩ	Қ
 � ҩ	қ
ࣖυ ¡Ʉɼƨ ǖƨȳƨɼŗțț ࣗ˦ ǑɄɼ ŗȳ˦ ʚ˝Ʉ ƨ˙ƨȳʚʌࣗҩ	Қ ̉ қ
 � ҩ	Қ
 � ҩ	қ
 ˲ ҩ	Қ ̈ қ
ࣖυ ÿǫƨ ɱɼɄſŗſǶțǶʚ˦ ʚǫŗʚ ƨ˙ƨȳʚʌ Қ ŗȳƕ қ ſɄʚǫ ǫŗɱɱƨȳ Ƕʌҩ	Қ ̈ қ
 � ҩ	Қ
ҩ	қ]Қ
ࣖυ ҩ	қ]Қ
 Ƕʌ ʚǫƨ ɱɼɄſŗſǶțǶʚ˦ ʚǫŗʚ қ ǫŗɱɱƨȳʌ ǖǶ˙ƨȳ ʚǫŗʚ

˦Ʉʯ ȕȳɄ˝ Қ ǫŗɱɱƨȳƨƕࣖυ ÿǫɼɄʯǖǫ ɼƨࣽŗɼɼŗȳǖǶȳǖࣗ ˝ƨ ʌƨƨ ʚǫŗʚ ҩ	қ]Қ
 � ҩ	Қ̈қ
ҩ	Қ
 ࣖ

=¥÷+÷¥→

principle of
✓ inclusion/exclusion



âŗɼʚ ࣘࡽ ,ɄȭſǶȳŗʚɄɼǶƉʌ ࣯�ƨƉʚʯɼƨʌ ࢁࡹ υࣱࢅࣽࡹ � ʌƨɸʯƨȳƉƨ Ƕʌ ɄſʚŗǶȳƨƕ ſ˦ ʌƨțƨƉʚǶȳǖ ҽ ƨțƨȭƨȳʚʌ ǑɼɄȭ ŗ
ǖɼɄʯɱ ɄǑ Ӏ ɱɄʌʌǶſțƨ ƨțƨȭƨȳʚʌ ˝Ƕʚǫ ɼƨɱțŗƉƨȭƨȳʚࣗ ʌʯƉǫ ʚǫŗʚ
Ʉɼƕƨɼ ȭŗʚʚƨɼʌࣖυ ¥ʯȭſƨɼ ɄǑ ʌƨɸʯƨȳƉƨʌࣘ Ӏҽࣖυ � ɱƨɼȭʯʚŗʚǶɄȳ Ƕʌ ɄſʚŗǶȳƨƕ ſ˦ ʌƨțƨƉʚǶȳǖ ҽ ƨțƨȭƨȳʚʌ ǑɼɄȭ ŗ
ǖɼɄʯɱ ɄǑ Ӏ ɱɄʌʌǶſțƨ ƨțƨȭƨȳʚʌ ˝ǶʚǫɄʯʚ ɼƨɱțŗƉƨȭƨȳʚࣗ ʌʯƉǫ
ʚǫŗʚ Ʉɼƕƨɼ ȭŗʚʚƨɼʌࣖυ ¥ʯȭſƨɼ ɄǑ ɱƨɼȭʯʚŗʚǶɄȳʌࣘ ҩ	Ӏ ҽ
 � Ӏ�	Ӏ˲ҽ
� ࣖυ � ƉɄȭſǶȳŗʚǶɄȳ Ƕʌ ɄſʚŗǶȳƨƕ ſ˦ ʌƨțƨƉʚǶȳǖ ҽ ƨțƨȭƨȳʚʌ ǑɼɄȭ ŗ
ǖɼɄʯɱ ɄǑ Ӏ ɱɄʌʌǶſțƨ ƨțƨȭƨȳʚʌ ˝ǶʚǫɄʯʚ ɼƨɱțŗƉƨȭƨȳʚࣗ ʌʯƉǫ
ʚǫŗʚ Ʉɼƕƨɼ ƕɄƨʌ ȳɄʚ ȭŗʚʚƨɼࣖυ ¥ʯȭſƨɼ ɄǑ ƉɄȭſǶȳŗʚǶɄȳʌࣘ ٦Ӏҽٵ � Ӏ�	Ӏ˲ҽ
�ҽ� ࣖ

8 people 8 7 6
3 person Comm. Tres I Tewetaz

I :)



âŗɼʚ ࣘࡽ ÿǫƨ țŗ˝ ɄǑ ʚɄʚŗț ɱɼɄſŗſǶțǶʚ˦ ŗȳƕ $ŗ˦ƨʌऒ
ʚǫƨɄɼƨȭ ࣯�ƨƉʚʯɼƨ υࣱࢅࡹ � ʌƨʚ ɄǑ ƨ˙ƨȳʚʌ Ҟ� Ҟ� ��� Ҟҽ Ƕʌ ŗ ɱŗɼʚǶʚǶɄȳ ɄǑ Ҭ ǶǑ ƨŗƉǫ

ɄʯʚƉɄȭƨ Ƕȳ Ҭ Ƕʌ Ƕȳ ƨ˥ŗƉʚț˦ Ʉȳƨ Ҟһࣖυ ÿǫƨ țŗ˝ ɄǑ ʚɄʚŗț ɱɼɄſŗſǶțǶʚ˦ ʌʚŗʚƨʌ ʚǫŗʚ ǶǑ Қ Ƕʌ ŗȳ ƨ˙ƨȳʚ ŗȳƕҞ� Ҟ� ��� Ҟҽ Ƕʌ ŗ ɱŗɼʚǶʚǶɄȳ ɄǑ Ҭࣗ ʚǫƨȳҩ	Қ
 � ҩ	Ҟ�
 ͥ ҩ	Қ]Ҟ�
 � ҩ	Ҟ�
 ͥ ҩ	Қ]Ҟ�
 � ��� � ҩ	Ҟҽ
 ͥ ҩ	Қ]Ҟҽ
� ҽذһ�� ҩ	Ҟһ
 ͥ ҩ	Қ]Ҟһ
υ $ŗ˦ƨʌऒ ʚǫƨɄɼƨȭ ʌʚŗʚƨʌ ʚǫŗʚҩ	қ]Қ
 � ҩ	қ
 ͥ ҩ	Қ]қ
ҩ	Қ
υ İƨ Ʉǒʚƨȳ ɼƨࣽ˝ɼǶʚƨ ʚǫƨ ƕƨȳɄȭǶȳŗʚɄɼ ҩ	Қ
 Ƕȳ $ŗ˦ƨʌऒ ʚǫƨɄɼƨȭ
ʯʌǶȳǖ ʚǫƨ țŗ˝ ɄǑ ʚɄʚŗț ɱɼɄſŗſǶțǶʚ ࣖ˦

7
od%*÷:*

.



âŗɼʚ ࣘࡽ yȳƕƨɱƨȳƕƨȳƉƨ ŗȳƕ ƉɄȳƕǶʚǶɄȳŗț
ǶȳƕƨɱƨȳƕƨȳƉƨ ࣯�ƨƉʚʯɼƨ υࣱࢉࡹ ÿ˝Ʉ ƨ˙ƨȳʚʌ Қ ŗȳƕ қ ŗɼƨ Ƕȳƕƨɱƨȳƕƨȳʚ ˝ǫƨȳ ȕȳɄ˝țƨƕǖƨ ɄǑ

Ʉȳƨ ƨ˙ƨȳʚ ƕɄƨʌ ȳɄʚ Ɖǫŗȳǖƨ ʚǫƨ ɱɼɄſŗſǶțǶʚ˦ ɄǑ ʚǫƨ Ʉʚǫƨɼ
ƨ˙ƨȳʚࣖυ EɸʯǶ˙ŗțƨȳʚ ƉɄȳƕǶʚǶɄȳʌࣘ ҩ	қ]Қ
 � ҩ	қ
ࣗ ҩ	Қ]қ
 � ҩ	Қ
ࣗҩ	Қ ̈ қ
 � ҩ	Қ
 ͥ ҩ	қ
ࣖυ ÿ˝Ʉ ƨ˙ƨȳʚʌ Қ ŗȳƕ қ ŗɼƨ ƉɄȳƕǶʚǶɄȳŗțț˦ Ƕȳƕƨɱƨȳƕƨȳʚ ǶǑ ʚǫƨ˦
ŗɼƨ Ƕȳƕƨɱƨȳƕƨȳʚ ǖǶ˙ƨȳ ȕȳɄ˝țƨƕǖƨ ɄǑ ŗ ʚǫǶɼƕ ƨ˙ƨȳʚࣗ Ҝࣖυ ,ɄȳƕǶʚǶɄȳࣘ ҩ		Қ ̈ қ
]Ҝ
 � ҩ	Қ]Ҝ
 ͥ ҩ	қ]Ҝ
ࣖυ yȳ ǖƨȳƨɼŗțࣗ ʚǫƨɼƨ Ƕʌ ȳɄ ɼƨțŗʚǶɄȳʌǫǶɱ ſƨʚ˝ƨƨȳ
ǶȳƕƨɱƨȳƕƨȳƉƨ ŗȳƕ ƉɄȳƕǶʚǶɄȳŗț ǶȳƕƨɱƨȳƕƨȳƉƨࣖυ óƨƨ ɱǶȳȳƨƕ ɱɄʌʚ Ʉȳ ,ŗȭɱʯʌ˝Ƕɼƨ ǑɄɼ ƉțŗɼǶ̇ƉŗʚǶɄȳࣖ

Plan B) =P(A) PCB /A)
=p (D) PCA IB)



âŗɼʚ ࣘࡽ ¥ŗǶ˙ƨ $ŗ˦ƨʌ ࣯�ƨƉʚʯɼƨ ࢍࡹ υࣱࣽࡹ yȳ ƉțŗʌʌǶ̇ƉŗʚǶɄȳࣗ Ʉʯɼ ǖɄŗț Ƕʌ ʚɄ ɱɼƨƕǶƉʚ ŗ ƕǶʌƉɼƨʚƨ ƉŗʚƨǖɄɼ ࣗ˦
Ɖŗțțƨƕ ŗ Ɖțŗʌʌࣗ ǖǶ˙ƨȳ ʌɄȭƨ Ǒƨŗʚʯɼƨʌࣖυ ÿǫƨ ¥ŗǶ˙ƨ $ŗ˦ƨʌ ƉțŗʌʌǶ̇ƨɼ ˝Ʉɼȕʌ ſ˦ ƨʌʚǶȭŗʚǶȳǖ ʚǫƨ
ȳʯȭƨɼŗʚɄɼ ɄǑ ҩ	ƉțŗʌʌǑƨŗʚʯɼƨʌ
 ǑɄɼ ŗțț ɱɄʌʌǶſțƨ Ɖțŗʌʌƨʌࣖυ yʚ ʯʌƨʌ $ŗ˦ƨʌऒ ʚǫƨɄɼƨȭࣘҩ	ƉțŗʌʌǑƨŗʚʯɼƨʌ
 � ҩ	Ɖțŗʌʌ
 ͥ ҩ	ǑƨŗʚʯɼƨʌƉțŗʌʌ
ҩ	Ǒƨŗʚʯɼƨʌ
υ yʚ ŗțʌɄ ʯʌƨʌ ŗ एȳŗǶ˙ƨऐ ʌǶȭɱțǶǑ˦Ƕȳǖ ŗʌʌʯȭɱʚǶɄȳࣗ ʚǫŗʚ
Ǒƨŗʚʯɼƨʌ ŗɼƨ ƉɄȳƕǶʚǶɄȳŗțț˦ Ƕȳƕƨɱƨȳƕƨȳʚ ǖǶ˙ƨȳ ŗ Ɖțŗʌʌࣘҩ	ǑƨŗʚʯɼƨʌƉțŗʌʌ
 � ҩ	Ǒƨŗʚʯɼƨ�Ɖțŗʌʌࣱ ͥ ҩ	Ǒƨŗʚʯɼƨ�Ɖțŗʌʌ
 ͥ ���

supervised ML techniqu !



éƨ˙Ƕƨ˝ ɱɼɄſțƨȭʌ



E˥ŗȭɱțƨࣘ ,țʯʌʚƨɼǶȳǖ ŗȳƕ ƉɄȭſǶȳŗʚɄɼǶƉʌυ óʯɱɱɄʌƨ ˝ƨ ǫŗ˙ƨ ŗ ƕŗʚŗʌƨʚ ɄǑ ࢉࡹ ɱɄǶȳʚʌࣗ ƨŗƉǫ ˝Ƕʚǫ ʚ˝Ʉ
Ǒƨŗʚʯɼƨʌ ࣯ӊ�ࣗ ӊ�ࣱࣖ yȳ ʚǫƨ ƕŗʚŗʌƨʚࣗ ʚǫƨɼƨ ƨ˥Ƕʌʚ ࢁ एȳŗʚʯɼŗțऐ
Ɖțʯʌʚƨɼʌࣗ ƨŗƉǫ ɄǑ ˝ǫǶƉǫ ƉɄȳʚŗǶȳ ࢉ ƕŗʚŗ ɱɄǶȳʚʌࣖυ éƨƉŗțț ʚǫŗʚ Ƕȳ ʚǫƨ ȕࣽ¡ƨŗȳʌ ,țʯʌʚƨɼǶȳǖ ŗțǖɄɼǶʚǫȭࣗ ˝ƨ
ǶȳǶʚǶŗțǶ˲ƨ ҽ ƉƨȳʚɼɄǶƕʌ ſ˦ ƉǫɄɄʌǶȳǖ ҽ ɱɄǶȳʚʌ ŗʚ ɼŗȳƕɄȭ ǑɼɄȭ
Ʉʯɼ ƕŗʚŗʌƨʚࣖ óʯɱɱɄʌƨ ҽ � �ࣖ need to pick 3

points from
15 to

initialize
centroid s

⇒ $ ways to
initialize



ࣖࡹ İǫŗʚऒʌ ʚǫƨ ɱɼɄſŗſǶțǶʚ˦ ʚǫŗʚ ŗțț ʚǫɼƨƨ ǶȳǶʚǶŗț ƉƨȳʚɼɄǶƕʌ ŗɼƨ
ǶȳǶʚǶŗțǶ˲ƨƕ Ƕȳ ʚǫƨ ʌŗȭƨ ȳŗʚʯɼŗț Ɖțʯʌʚƨɼࣞ

ࣖࡽ İǫŗʚऒʌ ʚǫƨ ɱɼɄſŗſǶțǶʚ˦ ʚǫŗʚ ŗțț ʚǫɼƨƨ ǶȳǶʚǶŗț ƉƨȳʚɼɄǶƕʌ ŗɼƨ
ǶȳǶʚǶŗțǶ˲ƨƕ Ƕȳ ƕǶ˽ƨɼƨȳʚ ȳŗʚʯɼŗț Ɖțʯʌʚƨɼʌࣞ

"¥×;×÷ É¥=÷÷✗ ✗

blue!,¥ giddnste equn.nl :

cluster→
"" "



Proof that 3 (7) y
= Ty

' :

Y÷, "
=

'" '✓
as required .



E˥ŗȭɱțƨࣘ ſŗʌȕƨʚſŗțț

óʯɱɱɄʌƨ ˝ƨ ǫŗ˙ƨ ࢍ ſŗʌȕƨʚſŗțț ɱțŗ˦ƨɼʌ ˝ǫɄ ˝ŗȳʚ ʚɄ ɄɼǖŗȳǶ˲ƨ
ʚǫƨȭʌƨț˙ƨʌ ǶȳʚɄ ࢁ ſŗʌȕƨʚſŗțț ʚƨŗȭʌ ɄǑ ࡽ ɱțŗ˦ƨɼʌ ƨŗƉǫࣖ óʯɱɱɄʌƨ

˝ƨ ǫŗ˙ƨ ʚǫɼƨƨ ʚƨŗȭʌࣗ एÿƨŗȭ Ďó�ऐࣗ एÿƨŗȭ ,ǫǶȳŗऐࣗ ŗȳƕ एÿƨŗȭ
�ǶʚǫʯŗȳǶŗऐࣖ pɄ˝ ȭŗȳ˦ ˝ŗ˦ʌ Ɖŗȳ ʚǫƨʌƨ ʚƨŗȭʌ ſƨ ǑɄɼȭƨƕࣞ

(E) (1) (E)
A ☒ ☒ D *☒

(E) (1) G)
* * ¥E
BE CF AD
CF AD BE



E˥ŗȭɱțƨࣘ ſŗʌȕƨʚſŗțțࣗ ŗǖŗǶȳ
óʯɱɱɄʌƨ ˝ƨ ǫŗ˙ƨ ࢍ ſŗʌȕƨʚſŗțț ɱțŗ˦ƨɼʌ ˝ǫɄ ˝ŗȳʚ ʚɄ ɄɼǖŗȳǶ˲ƨ
ʚǫƨȭʌƨț˙ƨʌ ǶȳʚɄ ࢁ ſŗʌȕƨʚſŗțț ʚƨŗȭʌ ɄǑ ࡽ ɱțŗ˦ƨɼʌ ƨŗƉǫࣖ ¥Ʉ˝ࣗ

ʌʯɱɱɄʌƨ ʚǫƨ ʚƨŗȭʌ ŗɼƨ Ƕɼɼƨțƨ˙ŗȳʚࣗ ŗȳƕ ŗțț ˝ƨ Ɖŗɼƨ ŗſɄʯʚ Ƕʌ ʚǫƨ
ʯȳǶɸʯƨ ɱŗǶɼǶȳǖʌ ʚǫƨȭʌƨț˙ƨʌࣖ pɄ˝ ȭŗȳ˦ ˝ŗ˦ʌ Ɖŗȳ ʚǫƨʌƨ ࢍ
ɱțŗ˦ƨɼʌ ſƨ ʌɱțǶʚ ǶȳʚɄ ࢁ ʚƨŗȭʌࣞ

f.) in (E)¥# =

=



E˥ŗȭɱțƨࣘ ǫǶǖǫ ʌƉǫɄɄț
� ƉƨɼʚŗǶȳ ǫǶǖǫ ʌƉǫɄɄț ǫŗʌ ࡱ ʌʚʯƕƨȳʚʌࣘ ࡱࡽ Ǒɼƨʌǫȭƨȳࣗ ࡱࡽ
ʌɄɱǫɄȭɄɼƨʌࣗ ࡱࡽ ȍʯȳǶɄɼʌࣗ ŗȳƕ ࡱࡽ ʌƨȳǶɄɼʌࣖ yǑ ŗ ɼŗȳƕɄȭ ʌŗȭɱțƨ ɄǑ
ࡱࡽ ʌʚʯƕƨȳʚʌ Ƕʌ ƕɼŗ˝ȳ ˝ǶʚǫɄʯʚ ɼƨɱțŗƉƨȭƨȳʚࣗ ˝ǫŗʚ Ƕʌ ʚǫƨ
ɱɼɄſŗſǶțǶʚ˦ ʚǫŗʚ ʚǫƨ ʌŗȭɱțƨ ƉɄȳʚŗǶȳʌ ࢉ ʌʚʯƕƨȳʚʌ Ƕȳ ƨŗƉǫ ǖɼŗƕƨ
țƨ˙ƨțࣞ
# possible samples

: (%) "÷

freshmen



E˥ŗȭɱțƨࣘ ǫǶǖǫ ʌƉǫɄɄțࣗ ŗǖŗǶȳ
� ƉƨɼʚŗǶȳ ǫǶǖǫ ʌƉǫɄɄț ǫŗʌ ࡱ ʌʚʯƕƨȳʚʌࣘ ࡱࡽ Ǒɼƨʌǫȭƨȳࣗ ࡱࡽ
ʌɄɱǫɄȭɄɼƨʌࣗ ࡱࡽ ȍʯȳǶɄɼʌࣗ ŗȳƕ ࡱࡽ ʌƨȳǶɄɼʌࣖ yǑ ŗ ɼŗȳƕɄȭ ʌŗȭɱțƨ ɄǑ
ࡱࡽ ʌʚʯƕƨȳʚʌ Ƕʌ ƕɼŗ˝ȳ ˝Ƕʚǫ ɼƨɱțŗƉƨȭƨȳʚࣗ ˝ǫŗʚ Ƕʌ ʚǫƨ ɱɼɄſŗſǶțǶʚ˦
ʚǫŗʚ ŗțț ʌʚʯƕƨȳʚʌ Ƕȳ ʚǫƨ ʌŗȭɱțƨ ŗɼƨ ǑɼɄȭ ʚǫƨ ʌŗȭƨ ǖɼŗƕƨ țƨ˙ƨțࣞ

① p(all freshmen) = (E) •(4) . . . . = (1-4)
"

Platt same) = 4 . (g)
•

=/(¥)⇒
find
an9.

on

☐ -44 -44 14
- - - . .

all 19 people need to
match first

②
plait freshmen) = = (4)

•

samples
v1 only
freshmen

total samples



E˥ŗȭɱțƨࣘ ſǶʚʌʚɼǶȳǖʌ
İǫŗʚ Ƕʌ ʚǫƨ ɱɼɄſŗſǶțǶʚ˦ ɄǑ ŗ ɼŗȳƕɄȭț˦ ǖƨȳƨɼŗʚƨƕ ſǶʚʌʚɼǶȳǖ ɄǑ
țƨȳǖʚǫ ࢉ ǫŗ˙Ƕȳǖ ʚǫƨ ʌŗȭƨ ̇ɼʌʚ ʚ˝Ʉ ſǶʚʌࣞ �ʌʌʯȭƨ ʚǫŗʚ ƨŗƉǫ ſǶʚ
Ƕʌ ƨɸʯŗțț˦ țǶȕƨț˦ ʚɄ ſƨ ŗ ࡱ Ʉɼ ŗ ࣖࡹ

e.g. 01101 25 bitstnhgs
T

easywI
- -1k¥ =

just need second bit to match first

2p
hardway

☒ I ?
' -2=8 poss .

I £-2 - 2- = • p.SE?Jzg



E˥ŗȭɱțƨࣘ ſǶʚʌʚɼǶȳǖʌࣗ ŗǖŗǶȳ
İǫŗʚ Ƕʌ ʚǫƨ ɱɼɄſŗſǶțǶʚ˦ ɄǑ ŗ ɼŗȳƕɄȭț˦ ǖƨȳƨɼŗʚƨƕ ſǶʚʌʚɼǶȳǖ ɄǑ
țƨȳǖʚǫ ࢉ ǫŗ˙Ƕȳǖ ʚǫƨ ʌŗȭƨ ̇ɼʌʚ ʚ˝Ʉ ſǶʚʌࣗ ǶǑ ˝ƨ ȕȳɄ˝ ʚǫŗʚ ʚǫƨ
ſǶʚʌʚɼǶȳǖ ǫŗʌ ƨ˥ŗƉʚț˦ ǑɄʯɼ ʌࣞࡱ �ʌʌʯȭƨ ʚǫŗʚ ƨŗƉǫ ſǶʚ Ƕʌ ƨɸʯŗțț˦
țǶȕƨț˦ ʚɄ ſƨ ŗ ࡱ Ʉɼ ŗ ࣖࡹ

}
siren one of

these 5

00€
O 3 of these 5

0 I o o o
have the same

first 2
I 0 O O O

⇒⑦



,ɄȳƉțʯʌǶɄȳ



�ƨŗɼȳǶȳǖ ɄſȍƨƉʚǶ˙ƨʌ
�ʚ ʚǫƨ ʌʚŗɼʚ ɄǑ ʚǫƨ ɸʯŗɼʚƨɼࣗ ˝ƨ ʚɄțƕ ˦Ʉʯ ʚǫŗʚ ſ˦ ʚǫƨ ƨȳƕ ɄǑ 6ó,
ࣗ�ࡱࢅ ˦Ʉʯऒțțࣖࣖࣖυ ʯȳƕƨɼʌʚŗȳƕ ʚǫƨ ſŗʌǶƉ ɱɼǶȳƉǶɱțƨʌ ʯȳƕƨɼț˦Ƕȳǖ ŗțȭɄʌʚ ƨ˙ƨɼ˦

ȭŗƉǫǶȳƨ țƨŗɼȳǶȳǖ ŗȳƕ ƕŗʚŗ ʌƉǶƨȳƉƨ ȭƨʚǫɄƕࣖυ ſƨ ſƨʚʚƨɼ ɱɼƨɱŗɼƨƕ ǑɄɼ ʚǫƨ ȭŗʚǫ Ƕȳ ʯɱɱƨɼ ƕǶ˙ǶʌǶɄȳࣘ ˙ƨƉʚɄɼ
ƉŗțƉʯțʯʌࣗ țǶȳƨŗɼ ŗțǖƨſɼŗࣗ ŗȳƕ ɱɼɄſŗſǶțǶʚ ࣖ˦υ ſƨ ŗſțƨ ʚɄ ʚŗƉȕțƨ ɱɼɄſțƨȭʌ ʌʯƉǫ ŗʌࣘυ pɄ˝ ƕɄ ˝ƨ ȕȳɄ˝ ǶǑ ŗȳ ŗ˙ɄƉŗƕɄ Ƕʌ ǖɄǶȳǖ ʚɄ ſƨ ɼǶɱƨ

ſƨǑɄɼƨ ˝ƨ ƨŗʚ Ƕʚࣞυ pɄ˝ ƕɄ ˝ƨ ʚƨŗƉǫ ŗ ƉɄȭɱʯʚƨɼ ʚɄ ɼƨŗƕ ǫŗȳƕ˝ɼǶʚʚƨȳ
ʚƨ˥ʚࣞυ pɄ˝ ƕɄ ˝ƨ ɱɼƨƕǶƉʚ ŗ Ǒʯʚʯɼƨ ƕŗʚŗ ʌƉǶƨȳʚǶʌʚऒʌ ʌŗțŗɼ˦ࣞ

É



İǫŗʚऒʌ ȳƨ˥ʚࣞ
yȳ 6ó, ࣗ�ࡱࢅ ˝ƨ ȍʯʌʚ ʌƉɼŗʚƉǫƨƕ ʚǫƨ ʌʯɼǑŗƉƨ ɄǑ ʚǫƨ ʚǫƨɄɼ˦ ſƨǫǶȳƕ
ƕŗʚŗ ʌƉǶƨȳƉƨࣖ yȳ Ǒʯʚʯɼƨ ƉɄʯɼʌƨʌࣗ ˦Ʉʯऒțț ſʯǶțƕ ʯɱɄȳ ˦Ʉʯɼ
ȕȳɄ˝țƨƕǖƨ ǑɼɄȭ 6ó, ࣗ�ࡱࢅ ŗȳƕ ˝Ƕțț țƨŗɼȳࣘυ ¡Ʉɼƨ ʌʯɱƨɼ˙Ƕʌƨƕ țƨŗɼȳǶȳǖࣖυ �ɄǖǶʌʚǶƉ ɼƨǖɼƨʌʌǶɄȳࣗ ƕƨƉǶʌǶɄȳ ʚɼƨƨʌࣗ ȳƨʯɼŗț ȳƨʚ˝Ʉɼȕʌࣗ

ƨʚƉࣖυ ¡Ʉɼƨ ʯȳʌʯɱƨɼ˙Ƕʌƨƕ țƨŗɼȳǶȳǖࣖυ ¶ʚǫƨɼ ƉțʯʌʚƨɼǶȳǖ ʚƨƉǫȳǶɸʯƨʌࣗ â,�ࣗ ƨʚƉࣖυ ¡Ʉɼƨ ɱɼɄſŗſǶțǶʚ ࣖ˦υ éŗȳƕɄȭ ˙ŗɼǶŗſțƨʌࣗ ƕǶʌʚɼǶſʯʚǶɄȳʌࣗ ƨʚƉࣖυ ¡Ʉɼƨ ƉɄȳȳƨƉʚǶɄȳʌ ſƨʚ˝ƨƨȳ ŗțț ɄǑ ʚǫƨʌƨ ŗɼƨŗʌࣖυ bɄɼ ǶȳʌʚŗȳƉƨࣗ ˦Ʉʯऒțț țƨŗɼȳ ǫɄ˝ ɱɼɄſŗſǶțǶʚ˦ Ƕʌ ɼƨțŗʚƨƕ ʚɄ
țǶȳƨŗɼ ɼƨǖɼƨʌʌǶɄȳࣖυ ¡Ʉɼƨ ɱɼŗƉʚǶƉŗț ʚɄɄțʌ-ࣖ
-



¥Ʉʚƨ Ʉȳ ǖɼŗƕƨʌ

¡Ʉɼŗț ɄǑ ʚǫƨ ʌʚɄɼ˦ࣘ ǖɄɄƕ ǖɼŗƕƨʌ ŗɼƨȳऒʚ ƨ˙ƨɼ˦ʚǫǶȳǖࣖ



ÿǫŗȳȕ ˦Ʉʯࣛ

υ ÿǫǶʌ ƉɄʯɼʌƨ ˝Ʉʯțƕ ȳɄʚ ǫŗ˙ƨ ſƨƨȳ ɱɄʌʌǶſțƨ ˝ǶʚǫɄʯʚ Ʉʯɼ ÿ�ࣘ
pŗɼɱɼƨƨʚ óǶȳǖǫࣖυ yʚ ŗțʌɄ ˝Ʉʯțƕ ȳɄʚ ǫŗ˙ƨ ſƨƨȳ ɱɄʌʌǶſțƨ ˝ǶʚǫɄʯʚ Ʉʯɼ ࢍ ʚʯʚɄɼʌࣘ
�ǶŗȳȭǶȳǖ eƨȳǖࣗ ĸʯȍǶŗȳ ࣯�ƨȳࣱ pƨࣗ óǫǶ˙ óŗȕʚǫǶ˙ƨțࣗ �ɼ˦ŗȭŗȳ
óǶȳǫŗࣗ �ʯȳǶȳǖ ĸŗȳǖࣗ ŗȳƕ óǫƨȳǖ ĸŗȳǖࣖυ ĸɄʯ Ɖŗȳ ƉɄȳʚŗƉʚ ʚǫƨȭ ˝Ƕʚǫ ŗȳ˦ ɸʯƨʌʚǶɄȳʌ ŗʚ
ƕʌƉࡱࢅŗࣖƉɄȭࣩʌʚŗ˽ࣖ



ÿǫƨɄɼƨʚǶƉŗț bɄʯȳƕŗʚǶɄȳʌ ɄǑ 6ŗʚŗ óƉǶƨȳƉƨ ࣯âŗɼʚ ࣱࡹ


