Lecture 6

Dot Products and Projections

DSC 40A, Summer 2024



Announcements

e Homework 2 is due tonight. Remember that using the Overleaf template is required
for Homework 2 (and only Homework 2).

o Check out the new FAQs page and the tutor-created supplemental resources on the
course website.

o The proof that we were going to cover last class (that
Ry (w§, w}) = o, (1 — r?)) is now in the FAQs page, under Week 3.



Agenda
e Why?

e Dot products.

e Spans and projections.
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Question =

Answer at g.dsc40a.com

Remember, you can always ask questions at q.dsc40a.com!

If the direct link doesn't work, click the " & Lecture Questions"
link in the top right corner of dsc40a.com.






Wait... why do we need linear algebra?

e Soon, we'll want to make predictions using more than one feature.
o Example: Predicting commute times using departure hour and temperature.

e Thinking about linear regression in terms of matrices and vectors will allow us to find
hypothesis functions that:

U ltiple feat [ t iabl )(Lh)(?,
se multiple features (input varia eS)'xu‘(?' 2

o Are non-linear in the features, e.g. H(x) = wo + w1, + wyx;

e
e Before we dive in, let's review.



Spans of vectors

e One of the most important ideas you'll need to remember from linear algebra is the
concept of the span of one or more vectors.

e To jump start our review of linear algebra, let's start by watching »& this video by
3bluelbrown.

/// The “span” of v and w is the

set of all their linear combinations.

av+bw

AV

Let a and b vary
over all real numbers




Warning !
e \We're not going to cover every single detail from your linear algebra course.

e There will be facts that you're expected to remember that we won't explicitly say.
o For example, if A and B are two matrices, then AB * BA.

o This is the kind of fact that we will only mention explicitly if it's directly relevant to
what we're studying.
o But you still need to know it, and it may come up in homework questions.

o \We will review the topics that you really need to know well.
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e AvectorinR" is an ordered collection of m numbers.

e We use lower-case letters with an arrow on top to represent vectors, and we usually
write vectors as columns.

\\)lQ{Xz] 8
\
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Vv =
G
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o Another way of writing the above vectorisv = [8, 3, —2, 5]T.

« Since ¥ has four components, we say v € R4,
\ eAWV\“ fc
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o
U2
e Avectorv = is an arrow to the point
| Un
(v1, V2, ..., V) from the origin.

e The length, or Ly norm, of v is:

\/vl + v2—|— . Fv2

MR i nsgion em’(\» fresvren
es d scrlbe

e A vectoris someti

d as an object with a

magnitude/length and direction.
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The geometric interpretation of a vector W\ = ﬁﬂ?—
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Dot product: coordinate definition (‘9’”‘* A mers i,

e The dot product of two vectors © and vin R" is

/

written as: ﬁ\"‘ X ]?3“ =N

Uu-v=u'v

e The computational definition of the dot product:

n
= E U;V; = U1V + U2V +. .. TU Uy
i=1

e Theresultis ascalar, i.e.a single number.

\
i.ﬁ = () + (A1 (3) = ex2 B2 Soloss

ST <‘B
wN = \*LR/ q. %\
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S [ U,
U = Va
° ‘;;.r n _;
Question ol Ly,
Answer at g.dsc40a.com g
A e\
Which of these is another expression for the length of v?
— 1‘ ¢ \
. v NC S M‘:.,.;L .
_, N© Do
Jpat )
A<\ ~ nxl
Kk oW “’(—;\S\L Chows Y“‘Jd‘

e E. More than one of the above.
v g =

= \\‘\’J\\
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Dot product: geometric definition

e The computational definition of the dot prochs\

n
U+ vV = E U;V; = U1V + U2V +. .. TULVUp
=1

3 /
e The geometric definition of the dot product:

) \

u-v = |[ul||v]| cos &

where 0 is the angle between u© and ©.

e The two definitions are equivalent! This equivalence \‘
allows us to find the angle € between two vectors. W\,
=> 2 1<SAUND = AN &
TN AN

.
— \\;“\\3\\@56’ = S;):"«‘\" ‘W"me 7—4705?\- s O
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Question = >

Answer at g.dsc40a.com

What is the value of @ in the plot to the
right?
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Orthogonal vectors (\<\/? f'vfw"
e Recall:cos 90° = 0. O \.
e O

—

» Since u - v = ||4||||9]| cos §, if the angle between two vectors is 90° , their dot
product is ||ul|||v]| cos 90° = 0.

e |f the angle between two vectors is 90° , we say they are perpendicular, or more
generally, orthogonal.

o Key idea:

two vectors are orthogonal <— u-v =20
SIS only o
&,i&?r cw\'owA %W”‘r
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< \Dk OJLL
Exercise 2 2 -

>
Find a non-zero vector in R® orthogonal to: /

2o () *SR (-5)Cf
lﬁ‘.\’ _ 2 < (9 -&(’(\

] 1) & K « (-9 ©)
_\)A/_%; ()-— BT /,O

0 (70\”)‘\'01\8 L
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Adding and scaling vectors

e The sum of two vectors w and vin R™ isthe 10 S
element-wise sum of their components: 81 utv
Rt _ - 6 -
. il
“ig GV s o ;
U + V2 xor _
U+ U= A N2
0_
_Un —|_ ,U’n,_ 2
_4 >
e If cis ascalar, then: 6. -
cUy _8- v
CU9 -
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Linear combinations >

o Vi e vet " -~ 0

o Let vy, vy, ..., Uq all be vectors in R™. A velors o
o o o — — — . wb\

e A linear combination of vy, Vg, ..., Vg IS M

any vector of the form:

— — — - -
a1v1 + asVa+. .. +ay vy S 2—3 =t ;\ ( rg \lg =
V.= L2 RO R
where a1, as, ..., a4 are all scalars.

0 & ow n= o

9\-\7\‘\' 1y N 1 Vs F/
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Span
e Let vy, V9,..., U4 all be vectors in R™.

e The span of ¥y, V9, .., V4 is the set of all vectors that can be created using linear

combinations of those vectors.

e Formal definition:

span(fb’l,?_)'z, e ,?7d) — {a1?71 + a2172+. .. —I—ad'z_}d 1 a1,02,...,048 € R}

7 /)
-G\ M)GI %ﬂ\ U}M %"’ %
")\?‘v Vo
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Exercise /,

, 2 , -1
Letv; = [ 3] and let vy = [4 ].Isy

If so, write ¥ as a linear combination of v and 5.

5}
[ 5] in span(v1, v3)?

)
WV, % wz"?«'{ . =\
W~
A |
\# ™ ‘B i
=5w, % &N’ \F /\)7’
Yt
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To whoever teaches this in the future: the slides afterwards were improved in Lecture 7, so
you may want to bring some of that material to this lecture.
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Projecting onto a single vector

e Let 2 and v be two vectors in R™.
e The span of Z is the set of all
vectors of the form:
wT
where w € R is a scalar.

e Question: What vector in span(z)
is closest to 1/?

e The vector in span() that is
closest to 7 is the projection of
onto span(z).

X\
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Projection error Md—u\ {N?"’( WX * &=

e Let e = 1y — wZ be the projection
error: that is, the vector that connects
to span(z).

e Goal: Find the w that makes € as short
as possible.

o Thatis, minimize:

€]
o Equivalently, minimize:
|y — wZ|

o |ldea: To make € has short as possible, it
should be orthogonal to wz.
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Minimizing projection error
e Goal: Find the w that makes € = 1, — wzx as short as possible.
e Idea: To make € as short as possible, it should be orthogonal to wz.

o Can we prove that making € orthogonal to wa minimizes ||€||? ~
OGod.- ‘mvt, ek 'Q).* iy e gt
«sw\'\ﬂ& eror  \JeUd’. , 43 “L
\ - Z - >% \D)I;Z -
N h >/ “qu ] “ ¢ " _‘—\\'(0/'
7 4 \ hw
)6) ) A \\e N N \\'E*“ “ e “ “_é, u’L - [ E\‘xnz_(_ wrj P“
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Minimizing projection error

e Goal: Find the w that makes € = 7 — wz as short as possible.

, € must be orthogonal to wz.

« Now we know that to minimize ||e

e Given this fact, how can we solve for wQ
- A T WX = WY 'S —

c. O\n’{\M}N\
(3-v%) =0
S > =1\<0
- e
KT 9o
%) A
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Orthogonal projection

e Question: What vector in span(z) is closest to 7/?

e Answer: It is the vector w*z, where:

w* = L
T T
e Note that w* is the solution to a minimization problem, specifically, this one:
error(w) = ||| = ||y — wz|| 'é w“g‘a:
 We call w*z the orthogonal projection of 1 onto span(z). <
o Think of w*Z as the "shadow" of 1. ')
g
P 4
X
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Exercise

B 5) = —1
Leta = and b = .
o) b= |

What is the orthogonal projection of a onto span(b)?

Your answer should be of the form w*b, where w* is a scalar.
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Moving to multiple dimensions

e Let's now consider three vectors, 7/, 21 and Z(?) allin R™.
e Question: What vector in span(z("), (%)) is closest to 7/?

o Vectors in span(f(l), 5(2)) are of the form w17 + wy7 (2 where wy,ws € R
are scalars.

e Before trying to answer, let's watch »& this animation that Jack, one of our tutors,
made.

wy = —0.33, wy = +0.87

.f(l)
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Minimizing projection error in multiple dimensions

e Question: What vector in span(z(!), Z(?)) is closest to /?

o That is, what vector minimizes ||€||, where:

€ =1 —wzt) —wyz?

« Answer: It's the vector such that w71 + w7 (%)

e Issue: Solving for w; and w» in the following equation is difficult:

(w@(l) -+ ’LU2£(2)) : ( — wlf(l) — wza?(Z)) =0

. J/
-~
=
(&

is orthogonal to €.
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What's next?

e |t's hard for us to solve for w1 and w3 in:

(w@(l) + wﬁu)) . ( — w3 — w25(2)) — 0

\ - J/

m<

« Solution: Combine 7Y and Z(?) into a single matrix, X, and express

2)

w17 + wyZ?) as a matrix-vector multiplication, X .

e Next time: Formulate linear regression in terms of matrices and vectors!
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