Lectures 8-10

Linear algebra: Dot products and
Projections

DSC 40A, Fall 2025
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Question =

Answer at g.dsc40a.com

Remember, you can always ask questions at g.dsc40a.com!
If the direct link doesn't work, click the " & Lecture Questions”
link in the top right corner of dsc40a.com.



Agenda

e Recap: Simple linear regression and correlation.
e Connections to related models. <— Glﬂ
e Dot products.

e Spans and projections.
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Orthogonal projection
e Question: What vector in span(z) is closest to /?

e Answer: It is the vector w*z, where:

) > -
w*:f.ﬂ 2 )-S—:
T T ")'(’{['"

e Note that w* is the solution to a minimization problem, specifically, this one:
error(w) = ||€]| = ||y — w|]

e We call w*z the orthogonal projection of 1 onto span(z).
o Think of w*Z as the "shadow" of



Exercise -
. 5 - —1 €
Let a = and b = .
2 9

—

What is the orthogonal projection of @ onto span(b)? /I\
Your answer §b.ould be of the f_qrm w*g where w* is a scalar.
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et mloy rqur-.s cript
Moving to multiple dimensions e \

e Let's now consider three vectors, 7, 1), and #(?), all in R™.
e Question: What vector in span(Z(!), z(?)) is closest to 12

o Vectors in spa,n(a_r:’(l), 5:’(2)) are of the form w1ZY + w272, where w1,
wy € R are scalars. IR

e Before trying to answer, let's watch »& this animation that Jack, one of our‘tutors,
made.

wy = —0.33, wy = +0.87

+(—0.33)2() 4 (40.87)z®
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Minimizing projection error in multiple dimensions

—

e Question: What vector in span(Z"), 2(?)) is closest to 72

o That is, what vector minimizes ||e||, where:

€ =1 —w izt —wyz?

e Answer: It's the vector such that wli’(l) + w25(2) is orthogonal to €.

e [ssue: Solving for wi and w» in the following equation is difficult:
(wli(l) —+ wgs_v’(z)) . ( — wli(l) — w25(2)) =0

Vecter th the srfmi?ﬂ, X2

15 & (l\\.:.wf' caML. D{ 'k(“ 0\,\‘1 7((1')
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Minimizing projection error in multiple dimensions

e |t's hard for us to solve for w; and ws In:

(wlf(l) -+ w2£(2)) . ( — ’LU1£_U)(1) — w25(2)) =0

A\ _J/
TV
—
e

e Observation: All we really need is for (1) and #?) to individually be orthogonal to

—

€.

o That is, it's sufficient for € to be orthogonal to the spanning vectors
themselves.

e f21) .8 =0and 2(?) . € = 0, then:
~cA? - - ~“2A) — o —
<\J4 X“ 4 \:"L x(a)). e = (i\," X )Q -+ @1 XQ?C

2V Ke)* v lie) =0
=0 =0
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Minimizing projection error in multiple dimensions

—

e Question: What vector in span(Z"), 2(?)) is closest to 72

e Answer: It's the vector such that wli’(l) + wg.’f@) Is orthogonal to
> =(1) _ =(2) N —
€ w1T WaoI . h( x(", x™®

e Equivalently, it's the vector such that Z(!) and Z(? are both orthogonal to é:

(1) ( — w7 — wﬁ(z)) 0 So‘VMJ thase
L @ (A\"'%V\S
i ( —wz - w25(2)) =0 : 4 (A
R ’ will yre
e 4 ¢
Vi o Vo

e This is a system of two equations, two unknowns (w1 and w3), but it still looks
difficult to solve.



Now what?

e We're looking for the scalars w; and w» that satisfy the following equations:
fm.(_w@m_wﬂ@)zo

5@.(_w@m_wﬁm):0

\ 4
VvV
—
(&

e In this example, we just have two spanning vectors, 1) and 7 (?).

e |f we had any more, this system of equations would get extremely messy, extremely

quickly.

e |dea: Rewrite the above system of equations as a single equation, involving

matrix-vector products.
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Matrices
e An n X d matrix is a table of numbers with n rows and d columns.

e \We use upper-case letters to denote matrices.

2
A — 5 38
-1 5 -3

e Since A has two rows and three columns, we say A € R?*3.

e Key idea: Think of a matrix as several column vectors, stacked next to each other.

A~ :
<1 SJL3

_ L




Matrix addition and scalar multiplication

e We can add two matrices only if they have the same dimensions.

* Addition occurs elementwise: 2 - Ch ﬁ =A(i )’\"' R ]
[—21 2 —83]+[(1) i g]:[—gl 6 —1]

e Scalar multiplication occurs elementwise, too:

3[2 5 8]:[4 10 16] \)g,ﬁ._ cALi;)

-1 5 -3 —2 10 —6
FOA D
ER
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Matrix-matrix multiplication

e Key idea: We can multiply matrices A and B if and only if: AR

# columns in A = # rows in B

0 IfAisnx%andBi%x%thenABisnXp.

o Example [T A5 as defined below, what is AT A?

1%?
A:[2 5 8]6/R

-1 5 -3
)
—
A—T‘ L -;-‘ elR.}\a A(TA —= L7 +e4-CV . 7
é =3 Il X3 s
| | /15




T

Question =

Answer at g.dsc40a.com

Assume A, B, and C are all matrices. Select the incorrect statement below.

e ANA(B+C)=AB+ AC. Q‘xa'”‘fb’

. B. A(BC) = (AB)C. AR =C

I cAB=BA '

( — $x3  IxY {x3

e D.(A+ B)I = AT + BT, L
o £.(AB)T = BT AT,
G : A - f\"oa\ucf wndzfine A '
X1  sx1

T

Aifferent
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Matrix-vector multiplication

e Avectorv € R™ is a matrix with n rows and 1 column.

V9 nxA

ER

STl
I

o Suppose A € R™*¢
[ ‘X[‘ o What must the dimensions of v be in order for the product Av to be valid?

e VR column vec vith A o
o What must tﬁé’almensmns of v be in order for the product 1 A to be valid?

[".——’J[ ] \77 A VG/R Y, VT row vee iith

1x N A X /A cL.Mnf's
e
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One view of matrix-vector multiplication o W f“” fct \WY

e One way of thinking about the product Av is that it is the dot product of v with
every row of A.

e Example: What is Av?
2 5 8
A =
[—1 5 —3]

A Tﬁq.?j _ g+ SN+ ES ]’_ 'W)
-~ ] L9 & C.fq) +63)€S) X
\‘[AB?.V ~ 48 .(4)
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Another view of matrix-vector multiplication

e Another way of thinking about the product Av is that it is a linear combination of
the columns of A, using the weights in v.

e Example: What is Av?
A= J | o=
—1 |5 [|—3
—9
[ -%0 Y4
™ 1 5| _ 4 S R
£ =B =)o) = BB -0 0

W

\f(\LO\V' C.A«Ll“a{'/’ol\ O'F f’\n_ Col)
of A
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Matrix-vector products create linear combinations of columns!

e Key idea: It'll be very useful to think of the matrix-vector product Av as a linear
combination of the columns of 4, using the weights in v.

a1 ... Q14 U1
a2 ... Q94 .
A — vV =
| An1 .. Qpd_ | Vd_
aii a1d
~ a9 a2d
Av = vy + + ... + vy




Isited
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Moving to multiple dimensions
e Let's now consider three vectors, 7, 1), and 2%, all in R™.
e Question: What vector in span(zZ"), 2(?)) is closest to 1?

o That is, what values of wy and wy minimize ||€]| = ||/ — w1 2" — wo

Find  wr, Wb such  tws

—

L

2
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Matrix-vector products create linear combinations of columns!

e Then, if w = [

T

W1

w2

1) —

X =

T

B
7

1)

(2) —

—1

0

_4_
-

— |5 o
3 Y

Vi %”-& ‘,/,L—)‘(m

= _ [ W,
(i)

XG = Wy

(1N -
X Ty X

], linear combinations of Z(1) and Z(?) can be written as X .

 The span of the columns of X, or span(X), consists of all vectors that can be

written in the form Xw.
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Minimizing projection error in multiple dimensions

] T
X=1|z0 Z@| =15 0

A O R I S
e Goal: Find the vector @ = [w; ws]” such that ||€|| = || — Xw@|| is minimized.
e As we've seen, w must be such that: \ ]\ \
fL £$b\'\* IO',\ s E‘ 5;.’(1) . ( — wlf(l) _ wQQ_}:(Z)) — (0 k‘no\,\n Aowh
vith L L =(2) | ( w2V w233<2>) _ 0

var 1 ables N g

\J4 ’ w" ©
e How can we use our knowledge of matrices to rewrite this system of equations
as a single equation?



Simplifying the system of equations, using matrices

B 1 [2 1]
X= |z z@=1]5 0
L I I R
7 ( — w2 — wgif(z)) =0
7 (—wﬁm—wﬁ@):o
— —en — e
X(" ~ V X - X\‘J -t >
v k ™ X0 (4~ Ya) =0
-
&= v = \u TP (5 -%) "o
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Simplifying the system of equations, using matrices

I v
X=1|z0 Z@| =15 0
o) b

1. w12 + wyZ?) can be written as X, so € = 1/ — X .

2. The condition that ¢ must be orthogonal to each column of X is equivalent to
condition that X ¢ = 0.

!
-\



)
X" . (5~ X&)=0 7z o Lo
X = ) 3 2 rv] (L
X (5 -Xw)=0 & ﬁ :
VT — |
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The normal equations

B . 2 —1
X=1|z0 Z@| =15 0
NN RERES
e Goal: Find the vector @ = [w; ws]” such that ||€|| = || — Xw@|| is minimized.

e We now know that it is the vector w* such that:
X'e=0
X'y —Xw*)=0
X' - X' Xw* =0
— X' Xu* = X"

e The last statement is referred to as the normal equations.

.t ievertible

o i T
V=0T S
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The general solution to the normal equations
X ¢ R™

e Goal, in general: Find the vector w € R? such that €] = ||y — Xwl| is minimized.
e \We now know that it is the vector w* such that:
XTe=0
— X'XxXw*=x"

e Assuming X’ X is invertible, this is the vector:

'ITJ* _ (XTX)—lXT

o This is a big assumption, because it requires X’ X to be full rank.

o If X1 X is not full rank, then there are infinitely many solutions to the normal
equations, X' Xw* = X1,
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What does it mean?

e Original question: What vector in span(z"), (%)) is closest to 1/?

Final answer: It is the vector Xw*, where:
,a*]* _ (XTX)—lXT

Revisiting our example:

] T
X=1|z0 Z@ | =15 0
B4

0.7289

Using a computer gives us w* = (X1 X) 1 X1 ~ .

1.6300

So, the vector in span(zZ"), (%)) closest to 7/ is 0.72897 1) + 1.6300z(%).
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An optimization problem, solved
e We just used linear algebra to solve an optimization problem.
e Specifically, the function we minimized is:
error(w) = ||y — Xw||
o This is a function whose input is a vector, w, and whose output is a scalar!
e The input, w*, to error(w) that minimizes it is:
w* = (XTX)txt

e We're going to use this frequently!
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