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Lecture 20-21: Combinatorics




e How do we count the number of outcomes, besides
enumerating them all?
 How many outcomes are possible if a die is rolled 100 times?
 How many different ways are there to shuffle 52 cards?
« How many ways are there to choose a jury of 12 people from
a panel of 1007

e Many probability questions can be solved by counting, or
combinatorics.

e We'll learn how to count sequences and sets.



Remember, you can always ask questions at
g.dsc40a.com!
If the direct link doesn't work, click the "Lecture
Questions" link in the top right corner of dsc40a.com.




Combinatorics




Sequences L, tufb

Sets  Collection £ ¢ lbanunty

Order matters

Order does not matter

Repetitions allowed (with replacement)

No repetitions allowed (without replacement)

Elements listed in order

Elements listed in no particular order within
curly braces

Ex: 2,4,5 # 4,2,5

Ex: {2,4,5)} = {4,2, 5)

Ex: 2,2,2 # 2,2

Ex: {2,2,2) = {2,2} = {2}

Ex: 1,3,4 =1,3,4

Ex: {1,3,4} = {1, 3,4}




Sequences

Order matters

Repetitions allowed

Example 1:  sunpling v/ red aciment

draw a card, put it back, repeat four more times

(Av,2%,64,Av,34¢)

Elements listed in order

203, (R,AQ 33,AY)

Ex: 2,4,5 # 4,2,5

Ex: 2,2,2 # 2,2

Ex: 1,3,4 =1,3,4

Example 2:
flip a coin 100 times

(H,T,T,H,...,H,T,T,T)




Sequences

Order matters

Repetitions allowed

A UCSD PID starts with “A” then has 8 digits.
How many UCSD PIDs are possible?

ST A 810 7¥. C.8l

%, D

Elements listed in order

Ex: 2,4,5 # 4,2,5

Ex: 2,2,2 # 2,2

Ex: 1,3,4 =1,3,4
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Sequences

A UCSD PID starts with “A” then has 8 digits.
How many UCSD PIDs are possible?

Order matters

A. 810 C. 8l

Repetitions allowed

B. 108 D.

Elements listed in order

P is the population you can draw from and
n= |P| is the size of that population (number

Ex: 2,4,5 # 4,2,5

of elements). pH’L l"brlo.u“a\*
How many sequences of length k are

Ex: 2,2,2 # 2,2

there?

Ex: 1,3,4 =1,3,4

Rk
[Pl [P+ [P = |PI" <

k times




Sequences

Exponential growth

Order matters

Repetitions allowed

Elements listed in order

Ex: 2,4,5 # 4,2,5

Ex: 2,2,2 # 2,2

Ex: 1,3,4 =1,3,4

Flip a coin n times

n # of Sequences of Length n
5 2° =32
10 219 = 1024
15 21> = 32758
20 2% = 1 million

50 2°0 x4# of grains of sand on Earth



Sequences

Order matters

How many ways to select a president, vice
president, and secretary from a group of 8
people? Nobedy can seve b more Ghen one

Repetitions allowed

Elements listed in order

Ex: 2,4,5 # 4,2,5

Ex: 2,2,2 # 2,2

Ex: 1,3,4

1,3, 4
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Sequences

Order matters

How many ways to select a president, vice
president, and secretary from a group of 8
people?

Repetitions allowed

Elements listed in order

Ex: 2,4,5 # 4,2,5

Ex: 2,2,2 # 2,2

Ex: 1,3,4 =1,3,4
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Sequences where repetitions are not allowed are ¢ armutations




There are 24 ice cream flavors. How many
ways can you pick 2 different flavors?

Sets

Order does not matter

A. 24 C. 24*24
Y, B 2f1*23 ‘" D. 1223 — No repetitions allowed
\ /

Elements listed in no particular order
within curly braces

Ex: {2,4,5) = {4,2,5)

Ex: {2,2,2} = {2,2} = {2}
Use Se;u ',Z'U) . Ex: {1,3,4} = {1, 3, 4}
'H:S“}WU'S b #sepunces 42T 42.-23@41’521,53

H: J-Q'fj = # ord&rl‘l:]f - 2

# sets -
trordasdes



How many ways to select a committee Sets
of 3 from a group of 8?

hsegrrs
§ sets= e

Order does not matter
{24

=17 | No repetitions allowed

= 56 | Elements listed in no particular order

n=9{ # elameds 1o choor From within curly braces
k=2 # -t(*';“";‘( ‘} ‘\"/"S‘\‘" Q) Ex: {2,4,5) = {4,2, 5}
C(‘Y ) 324 - 31 T Ex: {2,2,2} = {2,2} = {2}

. (»,) r)_!/j'i*)\'_; nd Ex {1,384} = {134}
Cln k)= T L GIE rn omhinabion,



Permutations

Combinations

Order matters

Order does not matter

No repetitions allowed (without replacement)

No repetitions allowed (without replacement)

Counts the number of sequences of k distinct
elements chosen from n possible elements

Counts the number of sets of size k chosen
. D
from n possible elements

n!

Pn,k) = (n)(n=1)...(n =k +1) =

‘N cheose k- '
n n:
Cln, k) = (k) ~ K- k)

How many ways to select a president, vice
president, and secretary from a group of 8
people?

P(8,3)

How many ways to select a committee of 3
from a group of 87
C(8,3)




Permutations

Order matters

No repetitions allowed (without replacement)

Counts the number of sequences of k distinct
elements chosen from n possible elements

Example 1:
draw a card, don’t put it back, repeat four more times

(Av,2%,68,7v,3¢)

n!

Pln,k)=(n)(n—1)...(n —k+1) = 0

How many ways to select a president, vice
president, and secretary from a group of 8 people?
P(8,3)

Example 2:
rank 2 best cities to live in out of list of 10

SD, LA




Combinations

Order does not matter

No repetitions allowed (without replacement)

Counts the number of sets of size k chosen
from n possible elements

Cln. k) = (Z) - k!(nni k).

How many ways to select a committee of 3
from a group of 8?
C(8,3)

Example 1:
draw a hand of 5 cards from a deck of 52
{Av,24,64, 79,34}
Example 2:
Select 5 student from the class
Owen  Luis
,_,26\\ Najo&\

DX bean




Example 6. There are 20 students in a class. A computer program selects a random
sample of students by drawing 5 students at random without replacement. What is
the chance that a particular student is among the 5 selected students?

M.W\A(Ab Wd s S—Q;,Wu\w;
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from Theorv Meets Data bv Ani Adhikari. Chapoter 4




Part 1. Denominator. If you draw a sample of size 5 at random without replace-
ment from a population of size 20, how many different sets of individuals could you
draw?

K sebc of S out= of 20

2.0
((ros) = \5

from Theorv Meets Data bv Ani Adhikari. Chapter 4



Part 2. Numerator. If you draw a sample of size 5 at random without replacement
from a population of size 20, how many different sets of individuals include a particular
person?

4 Sets ith S studeds ackd oy O

! cl’\oO)Qj U stoheats out of 19
= C(o) = (2)

from Theorv Meets Data bv Ani Adhikari. Chapter 4
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Using the complement. If you draw a sample of size 5 at random without replacement
from a population of size 20, how many different sets of individuals do not include a
particular person?

- osets of O studads out of 20 ok lhc(urlmj 15
k__/——\/
C\'\VSQ"\ from A} studsnts
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from Theorv Meets Data bv Ani Adhikari. Chapter 4



Example 6. There are 20 students in a class. A computer program selects a random
sample of students by drawing 5 students at random without replacement. What is
the chance that a particular student is among the 5 selected students? #(4= 4~ 0@®)
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e To calculate P(E) we need to find |E|
e \We need to count sequences or sets
e Must decide if order matters
e \When elements are distinct. permutations vs. combinations
n!
Pn,k)=(n)(n—1)...(n—k+1) = L

Cln, k) = (Z) N k!(nnl k)l

e Next time: more examples



